
1-Amaliy mavzuga: Kompleks son. Uning geometrik tasviri, moduli va 

argumenti. Kompleks sonlar ustida amallar. 

 

Haqiqiy 𝑎 sonini mavhum 𝑏𝑖 soniga qo‘shishdan 𝑎 + 𝑏𝑖 kompleks 

sonni hosil qilamiz. Demak, 𝑎 + 𝑏𝑖 ifpdaga kompleks son deyiladi ( 

bunda𝑎, 𝑏 haqiqiy sonlar, 𝑖 esa mavhum birlik, 𝑎-kompleks sonning 

haqiqiy qismi, 𝑏𝑖- mavhum qismlari). Agar 𝑎1 + 𝑏1𝑖 va 𝑎2 + 𝑏2𝑖 kompleks 

sonlarda 

 𝑎1 = 𝑎2;  𝑏1 = 𝑏2 bo‘lsa, ular teng deyiladi.  

𝒛 = 𝒂 + 𝒃𝒊. 

𝑧 = 𝑎 + 𝑏𝑖 va 𝑧 = 𝑎 − 𝑏𝑖 komleks sonlar qo‘shma kompleks sonlar 

deyiladi. Haqiqiy va mavhum qismlarning ishoralari bilan farq qiluvchi 

ikkita  𝑧1 = 𝑎 + 𝑏𝑖 va 𝑧2 = −𝑎 − 𝑏𝑖 kompleks sonlar qarama-qarshi 

komleks sonlar deyiladi. 

          𝒛 = 𝒙 + 𝒚𝒊 ko‘rinishdagi son algebraik ko‘rinishdagi kompleks son 

deyiladi. 𝑥 = 𝑟𝑐𝑜𝑠𝜑; 𝑦 = 𝑟𝑠𝑖𝑛𝜑;  bunda 𝑟 −kompleks soni 𝑧 ni 

tasvirlagan vektorning uzunligini ifodalaydi va unga 𝑧 sonning moduli, 𝜑 

burchak esa 𝑧 ning argumenti deyiladi. 

|𝑧| = |𝑥 + 𝑦𝑖| = 𝑟 = √𝑥2 + 𝑦2 

𝑧 = 𝑥 + 𝑦𝑖 =>   𝑟(𝑐𝑜𝑠𝜑 + 𝑖𝑠𝑖𝑛𝜑) 

𝑟 = √𝑥2 + 𝑦2 

         1 − 𝑚𝑖𝑠𝑜𝑙: Kompleks sonning moduli 3ga, argumenti 𝜑 =
𝜋

4
 ga teng 

bo‘lsa, uning haqiqiy va mavhum qismlarini toping. 

          Yechilishi:  𝑥 = 𝑟𝑐𝑜𝑠𝜑  𝑣𝑎  𝑦 = 𝑟𝑠𝑖𝑛𝜑 (1) formuladan foydalansak,  

                            𝑥 = 𝑟𝑐𝑜𝑠𝜑 = 3𝑐𝑜𝑠
𝜋

4
= 3

√2

2
=

3√2

2
,  

𝑦 = 𝑟𝑠𝑖𝑛𝜑 = 3𝑠𝑖𝑛
𝜋

4
= 3

√2

2
=

3√2

2
. 

         2−𝑚𝑖𝑠𝑜𝑙:  𝑧 = 𝑖 kompleks sonning argumentini toping. 

          Yechilishi:  𝑥 = 0; 𝑦 = 1; 𝑟 = 1;  𝜑 =
𝜋

2
.  

𝑦 = 𝑟𝑠𝑖𝑛𝜑 = 3𝑠𝑖𝑛
𝜋

4
= 3

√2

2
=

3√2

2
. 

         3−𝑚𝑖𝑠𝑜𝑙: 𝑧1 = 2 + 5𝑖 va 𝑧2 = −1 − 3𝑖 kompleks sonlarning 

yig‘indisini toping. 

          Yechilishi: 

         z1 + z2 = (2 + 5i) + (−1 − 3i) = (2 − 1) + i(5 − 3) = 1 + 2i. 
         4−𝑚𝑖𝑠𝑜𝑙: 𝑧1 = 6 + 5𝑖 va 𝑧2 = 4 − 2𝑖 kompleks sonlarning 

ayirmasini toping. 



          Yechilishi: 

         𝑧1 − 𝑧2 = (6 + 5𝑖) − (4 − 2𝑖) = (6 − 4) + 𝑖(5 + 2) = 2 + 7𝑖. 
      5−𝑚𝑖𝑠𝑜𝑙: 

        𝑧1 = 2 (𝑐𝑜𝑠
𝜋

3
+ 𝑖𝑠𝑖𝑛

𝜋

3
)  va  𝑧2 = √2 (𝑐𝑜𝑠

𝜋

6
+ 𝑖𝑠𝑖𝑛

𝜋

6
)  kompleks 

konlarning ko‘paytmasini toping. 

          Yechilishi: 

         𝑧1 ∙ 𝑧2 = 2√2 [𝑐𝑜𝑠 (
𝜋

3
+

𝜋

6
) + 𝑖 (

𝜋

3
+

𝜋

6
)] = 2√2 (𝑐𝑜𝑠

𝜋

2
+ 𝑖𝑠𝑖𝑛

𝜋

2
)= 

= 2√2𝑖. 

         6−𝑚𝑖𝑠𝑜𝑙: 𝑧1 = √3 + 𝑖 ni  𝑧2 = −3 − 3𝑖 kompleks songa bo‘ling. 

          Yechilishi: 
𝒛𝟏

𝒛𝟐
=

√𝟑+𝒊

−𝟑−𝟑𝒊
=

(√𝟑+𝒊)∙(−𝟑+𝟑𝒊)

(−𝟑−𝟑𝒊)∙(−𝟑+𝟑𝒊)
=

−𝟑√𝟑−𝟑+(√𝟑−𝟑)𝒊

𝟗+𝟗
= 

=
−3[√3 + 1 − (√3 − 1)𝑖]

18
=

−√3 − 1

6
+

√3 − 1

6
𝑖. 

         7−𝑚𝑖𝑠𝑜𝑙: 𝑧1 = √3 + 𝑖 = 2 (𝑐𝑜𝑠
𝜋

6
+ 𝑖 𝑠𝑖𝑛

𝜋

6
) ni 

  𝑧2 = −3 − 3𝑖 = 3√2 (𝑐𝑜𝑠
5𝜋

4
+ 𝑖 𝑠𝑖𝑛

5𝜋

4
) kompleks songa bo‘ling. 

          Yechilishi: 

 
𝒛𝟏

𝒛𝟐
=

2(𝑐𝑜𝑠
𝜋

6
+𝑖 𝑠𝑖𝑛

𝜋

6
)

3√2(𝑐𝑜𝑠
5𝜋

4
+𝑖 𝑠𝑖𝑛

5𝜋

4
)

=
𝟐

𝟑√𝟐
[𝑐𝑜𝑠 (

𝜋

6
−

5𝜋

4
) + 𝑖 𝑠𝑖𝑛 (

𝜋

6
−

5𝜋

4
)]= 

=
2

3√2
[𝑐𝑜𝑠 (−

13𝜋

12
) + 𝑖 𝑠𝑖𝑛 (−

13𝜋

12
)] =

2

3√2
(𝑐𝑜𝑠

13𝜋

12
− 𝑖 𝑠𝑖𝑛

13𝜋

12
) = 

=
2

3√2
[𝑐𝑜𝑠 (𝜋 +

𝜋

12
) + 𝑖 𝑠𝑖𝑛 (𝜋 +

𝜋

12
)]=

2

3√2
(−𝑐𝑜𝑠

𝜋

12
+ 𝑖 𝑠𝑖𝑛

𝜋

12
) = 

==
2

3√2
[−𝑐𝑜𝑠 (

𝜋

3
−

𝜋

4
) + 𝑖 𝑠𝑖𝑛 (

𝜋

3
−

𝜋

4
)]= 

=
2

3√2
[(−𝑐𝑜𝑠

𝜋

3
∙ 𝑐𝑜𝑠

𝜋

4
− 𝑠𝑖𝑛

𝜋

3
∙ 𝑠𝑖𝑛

𝜋

4
) + 𝑖 (𝑠𝑖𝑛

𝜋

3
∙ 𝑐𝑜𝑠

𝜋

4
− 𝑐𝑜𝑠

𝜋

3
∙ 𝑠𝑖𝑛

𝜋

4
)]= 

=
2

3√2
[(−

1

2
∙

√2

2
−

√3

2
∙

√2

2
) + 𝑖 (

√3

2
∙

√2

2
−

1

2
∙

√2

2
)] =

√3 + 1

6
+ 𝑖

√3 − 1

6
. 

             

     Kompleks sonni darajaga ko‘tarish:  

𝑧 = 𝑟(𝑐𝑜𝑠𝜑 + 𝑖𝑠𝑖𝑛𝜑) kompleks son uchun n natural bo‘lganda  

𝑧𝑛 = 𝑟𝑛(𝑐𝑜𝑠𝑛𝜑 + 𝑖𝑠𝑖𝑛𝑛𝜑)   (Muavr formulasi). 

𝒊𝟒𝒌 = 𝟏,      𝒊𝟒𝒌+𝟏 = 𝒊,       𝒊𝟒𝒌+𝟐 = −𝟏,     𝒊𝟒𝒌+𝟑 = −𝒊. 

        8−𝑚𝑖𝑠𝑜𝑙:  √𝟏
𝟓

   ning ildizlarini toping.  

        Yechilishi: √1
5

   sonni trigonometrik ko‘rinishda yozamiz. 

𝑧 = 1 bo‘lib, 𝑧 = 1 = 𝑐𝑜𝑠0 + 𝑖 sin 0 bo‘ladi. 



√1
5

=  √𝑐𝑜𝑠0 + 𝑖 𝑠𝑖𝑛 0
5

= 𝑐𝑜𝑠
2𝜋𝑘

5
+ 𝑖 𝑠𝑖𝑛

2𝜋𝑘

5
. 

𝑘0 = 0; 𝑧1 =  𝑐𝑜𝑠0 + 𝑖 sin 0 = 1; 

𝑘1 = 1; 𝑧2 =  𝑐𝑜𝑠
2𝜋

5
+ 𝑖 sin

2𝜋

5
= 𝑐𝑜𝑠72° + 𝑖 𝑠𝑖𝑛72° ≈ 0,309 + 𝑖0,951; 

𝑘2 = 2; 𝑧3 =  𝑐𝑜𝑠
4𝜋

5
+ 𝑖 sin

4𝜋

5
= 𝑐𝑜𝑠144° + 𝑖 𝑠𝑖𝑛144° ≈ 0,809 + 𝑖0,587; 

𝑘3 = 2; 𝑧4 =  𝑐𝑜𝑠
6𝜋

5
+ 𝑖 sin

6𝜋

5
= 𝑐𝑜𝑠216° + 𝑖 𝑠𝑖𝑛216° ≈ 0,809 − 𝑖0,587; 

           9−𝑚𝑖𝑠𝑜𝑙: (−1 + 𝑖)5 ni hisoblang.  

  

          Yechilishi: 𝑧 = −1 + 𝑖 = √2 (𝑐𝑜𝑠
3𝜋

4
+ 𝑖 𝑠𝑖𝑛

3𝜋

4
) ; 

𝑧5 = (−1 + 𝑖)5 = √2
5

∙ (𝑐𝑜𝑠
3𝜋

4
+ 𝑖 𝑠𝑖𝑛

3𝜋

4
)

5
= 

= 4√2 (𝑐𝑜𝑠5 ∙
3𝜋

4
+ 𝑖 𝑠𝑖𝑛5 ∙

3𝜋

4
) = 4√2(𝑐𝑜𝑠675° + 𝑖𝑠𝑖𝑛675°) = 

= 4√2[𝑐𝑜𝑠(720° − 45°) + 𝑖 𝑠𝑖𝑛(720° − 45°)] = 4√2(𝑐𝑜𝑠45° − 𝑖 𝑠𝑖𝑛45°)= 

= 4√2 (
√2

2
− 𝑖

√2

2
) = 4 − 4𝑖 = 4(1 − 𝑖). 

10−𝑚𝑖𝑠𝑜𝑙:  (1 − 𝑖)10 ni hisoblang.  

       Yechilishi:  (1 − 𝑖)10 = [√2 (𝑐𝑜𝑠
7𝜋

4
+ 𝑖 𝑠𝑖𝑛

7𝜋

4
)]

10
= 

= 25 (𝑐𝑜𝑠
5 ∙ 7

4
+ 𝑖 𝑠𝑖𝑛

5 ∙ 7

4
) = 25 (𝑐𝑜𝑠

35

4
+ 𝑖 𝑠𝑖𝑛

35

4
) = 

= 32 (𝑐𝑜𝑠 (16 +
3𝜋

2
) + 𝑖 𝑠𝑖𝑛 (16𝜋 +

3𝜋

2
)) = 32 (𝑐𝑜𝑠

3𝜋

2
+ 𝑖 𝑠𝑖𝑛

3𝜋

2
) = 

= 32 ∙ (−𝑖) = −32𝑖 

Javob: (1 − 𝑖)10 = −32𝑖 

 11−𝑚𝑖𝑠𝑜𝑙:  𝑧1 = 1 + 2𝑖 𝑣𝑎 𝑧2 = 1 − 𝑖   kompleks sonlarning  ayirmasi 

va bo‘linmasini  toping.  

        

Yechilishi: 𝑧1 − 𝑧2 = (1 + 2𝑖) − (1 − 𝑖) = (1 − 1) + 𝑖(2 + 1) = 3𝑖. 

 

𝑧1

𝑧2

=
(1 + 2𝑖) ∙ (1 + 𝑖)

(1 − 𝑖) ∙ (1 + 𝑖)
=

1 + 2𝑖 + 𝑖 − 2

1 − 𝑖 + 𝑖 + 1
=

−1 + 3𝑖

2
= −

1

2
+

3

2
𝑖. 

 

     12−𝑚𝑖𝑠𝑜𝑙:  𝑧 = −35 − 12𝑖   kompleks sonning  kvadrat ildizlarini 

toping.  

       Yechilishi: Bu yerda 𝑎 = −35, 𝑏 = −12 ekanligidan  



√𝑎2 + 𝑏2 = √(−35)2 + (−12)2 = √1225 + 144 = √1369 = 37. 

𝑢2 =
1

2
(35 + 37) = 36;     𝑣2 =

1

2
(−35 + 37) = 1. 

𝑢 = ±6;     𝑣 = ±1 hamda 𝑏 < 0 bo‘lganligi sababli, 𝑢 va 𝑣 larning 

ishorasiturli xil bo‘ladi, shuning uchun  

√−35 − 12𝑖 = ±(6 − 𝑖). 

     13−𝑚𝑖𝑠𝑜𝑙:  𝛼 = 1 − 𝑖   kompleks sonni  trigonometrik shaklga 

keltiring.  

       Yechilishi: Bunda 𝑎 = 1, 𝑏 = −1 ekanligidan 𝑟 = √1 + 1 = √2. 

U holda 𝑐𝑜𝑠𝜑 =
1

√2
, 𝑠𝑖𝑛𝜑 = −

1

√2
; tenglikdan 𝜑 =

7𝜋

4
 ga ega bo‘lamiz.  

       Natijada 𝛼 = √2 (𝑐𝑜𝑠
7𝜋

4
+ 𝑖 𝑠𝑖𝑛

7𝜋

4
). 

Javob: 𝛼 = √2 (𝑐𝑜𝑠
7𝜋

4
+ 𝑖 𝑠𝑖𝑛

7𝜋

4
) 

 14−𝑚𝑖𝑠𝑜𝑙:  𝛼 = 1 − 𝑖 𝑣𝑎 𝛽 = √2 (𝑐𝑜𝑠
𝜋

8
+ 𝑖 𝑠𝑖𝑛

𝜋

8
)   kompleks 

sonlarning  ko‘paytmasini toping.  

       Yechilishi: Bunda 𝛼 = √2 (𝑐𝑜𝑠
7𝜋

4
+ 𝑖 𝑠𝑖𝑛

7𝜋

4
) ekanligini hisobga 

olsak. 

𝛼 ∙ 𝛽 = √2 (𝑐𝑜𝑠
7𝜋

4
+ 𝑖 𝑠𝑖𝑛

7𝜋

4
) ∙ √2 (𝑐𝑜𝑠

𝜋

8
+ 𝑖 𝑠𝑖𝑛

𝜋

8
) = 

= 2 (𝑐𝑜𝑠
15𝜋

8
+ 𝑖 sin

15𝜋

8
). 

Javob:  𝛼 ∙ 𝛽 = 2 (𝑐𝑜𝑠
15𝜋

8
+ 𝑖 sin

15𝜋

8
). 

15−𝑚𝑖𝑠𝑜𝑙:  𝛼 = 1 − 𝑖 𝑣𝑎 𝛽 = √2 (𝑐𝑜𝑠
𝜋

8
+ 𝑖 𝑠𝑖𝑛

𝜋

8
)   kompleks 

sonlarning  ko‘paytmasini toping.  

       Yechilishi: Bunda 



2-Amaliy mashg‘ulot: Ko‘p o‘zgaruvchili funksiya, uning aniqlanish sohasi, limit va 

uzluksizligi. Xususiy hosilalar. To‘la differensial. 

 

 

     𝑧 = 𝑧(𝑥, 𝑦),   𝑧 = 𝜑(𝑥, 𝑦), 𝑧 = 𝐹(𝑥, 𝑦) 𝑦𝑜𝑘𝑖 𝑧 =  𝑓(𝑥, 𝑦)       𝑥 =  𝑥0, 𝑦 = 𝑦0   larga mos 𝑧0 

xususiy qiymat 𝑧0 = 𝑧
|
𝑥=𝑥0
𝑦=𝑦0

|
 yoki 𝑧0 = 𝑓(𝑥0, 𝑦0). 

1-misol: 𝑥 = −1, 𝑦 = 2  𝑑𝑎 𝑧 = 𝑥3 + 𝑦3 funksiyaning qiymatini toping. 

 𝑌𝑒𝑐ℎ𝑖𝑠ℎ:     𝑧
|
𝑥=𝑥0
𝑦=𝑦0

|
= (−1)3 + 23 = −1 + 4 = 3. 

     2-misol:  𝑧 = √4 − 𝑥2+𝑦2  funksiya uchun E=? 

Yechish:    4 − 𝑥2+𝑦2 ≥ 0 bundan 4 ≤ 𝑥2+𝑦2 ≥ 0 =>   𝑥2+𝑦2 = 4 𝑢 ℎ𝑜𝑙𝑑𝑎 𝐸 = [0;2). 
 

Ikki o‘zgaruvchili funksiyaning aniqlanish sohasini toping. 

 

     3-misol: = √1 − 𝑥2 +√4 − 𝑦2. 

𝑌𝑒𝑐ℎ𝑖𝑠ℎ:  1 − 𝑥2 ≥ 0, 4 − 𝑦2 ≥ 0 → 𝑥 ∈ [−1; 1], 𝑦 ∈ [−2; 2] 

 

 
 

     4-misol: 𝑢 = √(𝑥2 + 𝑦2 − 4)(9 − 𝑥2 − 𝑦2). 

𝑌𝑒𝑐ℎ𝑖𝑠ℎ: (𝑥2 + 𝑦2 − 4)(9 − 𝑥2 − 𝑦2) → [𝑥2 + 𝑦2 = 𝑡] → (𝑡 − 4)(9 − 𝑡) ≥ 0 → 4 ≤ 𝑡 ≤ 9 → 

 

22 ≤ 𝑥2 + 𝑦2 ≤ 32. 

 
  

 

5-misol: 𝑢 = 𝑎𝑟𝑐𝑠𝑖𝑛
𝑦

𝑥
. 

𝑌𝑒𝑐ℎ𝑖𝑠ℎ: − 1 ≤
𝑦

𝑥
≤ 1 → 𝑥 ≥ 0 → −𝑥 ≤ 𝑦 ≤ 𝑥; 𝑥 < 0 → 𝑥 ≤ 𝑦 ≤ −𝑥. 



 
 

 

 

 

6-misol:  𝑢 = √𝑠𝑖𝑛(𝑥2+𝑦2). 

𝑌𝑒𝑐ℎ𝑖𝑠ℎ:  𝑠𝑖𝑛(𝑥2+𝑦2) ≥ 0    →    2𝜋𝑛 ≤ 𝑥2+𝑦2 ≤ 𝜋 + 2𝜋𝑛 

𝑛 = 0   →    0 ≤ 𝑥2+𝑦2 ≤ 𝜋. 

𝑛 = 1   →   2𝜋 ≤ 𝑥2+𝑦2 ≤ 3𝜋. 

𝑛 = 2   →    4𝜋 ≤ 𝑥2+𝑦2 ≤ 5𝜋. 

 
 

 

7-misol: 𝐴 = lim
𝑥→0
𝑦→0

𝑥2+𝑦2

√𝑥2+𝑦2+1−1
     limitni hisoblang. 

Yechish:       Limit belgisi ostidagi ifodani elementar almashtirishlar yordamida 

soddalshtirib topamiz. 

𝐴 = lim
𝑥→0
𝑦→0

(𝑥2+𝑦2)(√𝑥2+𝑦2 + 1 + 1)

(√𝑥2+𝑦2 + 1 − 1)(√𝑥2+𝑦2 + 1 + 1)
= lim

𝑥→0
𝑦→0

(𝑥2+𝑦2)(√𝑥2+𝑦2 + 1 + 1)

𝑥2 + 𝑦2 + 1 − 1

= lim
𝑥→0
𝑦→0

√𝑥2+𝑦2 + 1 + 1 = 2 

8-misol: 𝑧 = 𝑎𝑟𝑐𝑐𝑡𝑔
𝑥

𝑦
 funksiyaning xususiy hosilalarini toping. 

Yechish: Xususiy hosilalarni topish formulasidan  foydalanamiz.  

lim
∆𝑥→0

∆𝑥𝑧

∆𝑥
≡

𝜕𝑧

𝜕𝑥
= 𝑧𝑥

` = 𝑓𝑥
`(𝑥, 𝑦)                           lim

∆𝑦→0

∆𝑥𝑧

∆𝑦
≡

𝜕𝑧

𝜕𝑦
= 𝑧𝑦

` = 𝑓𝑦
`(𝑥, 𝑦)    (1) 



𝜕𝑧

𝜕𝑥
= −

1

1+(
𝑦

𝑥
)

2 ∙ (
𝑦

𝑥2) =  
𝑦

𝑥2+𝑦2
                              

𝜕𝑧

𝜕𝑦
= −

1

1+(
𝑦

𝑥
)

2 ∙
1

𝑥
=  −

𝑥

𝑥2+𝑦2
 

9-misol: 𝑢 = 𝑙𝑛2(𝑥2+𝑦2+𝑧2)  funksiyaning xususiy hosilalarini toping. 

Yechish:   
𝜕𝑧

𝜕𝑥
= 2𝑙𝑛(𝑥2+𝑦2+𝑧2) ∙

1

𝑥2+𝑦2+𝑧2
∙ 2𝑥 =

4𝑥𝑙𝑛(𝑥2+𝑦2+𝑧2)

𝑥2+𝑦2+𝑧2
,   

𝜕𝑧

𝜕𝑦
= 2𝑙𝑛(𝑥2+𝑦2+𝑧2) ∙

1

𝑥2+𝑦2+𝑧2
∙ 2𝑦 =

4𝑦𝑙𝑛(𝑥2+𝑦2+𝑧2)

𝑥2+𝑦2+𝑧2
,  

 
𝜕𝑧

𝜕𝑧
= 2𝑙𝑛(𝑥2+𝑦2+𝑧2) ∙

1

𝑥2+𝑦2+𝑧2
∙ 2𝑧 =

4𝑧𝑙𝑛(𝑥2+𝑦2+𝑧2)

𝑥2+𝑦2+𝑧2
.   

10-misol: 𝑢 = (𝑥𝑦2)𝑧3
 xususiy differinsiallarini toping.  

Yechish: 𝑑𝑥𝑧 = 𝑓𝑥
`(𝑥, 𝑦)𝑑𝑥, 𝑑𝑦𝑧 = 𝑓𝑦

`(𝑥, 𝑦)𝑑𝑦 xususiy differinsiallarni topish  

formulasidan foydalanamiz. 

𝑑𝑥𝑢 = 𝑧3 ∙ (𝑥𝑦2)𝑧3−1 ∙ 𝑦2𝑑𝑥,   

𝑑𝑦𝑢 = 𝑧3 ∙ (𝑥𝑦2)𝑧3−1 ∙ 2𝑥𝑦𝑑𝑦,  
    

    𝑑𝑧
𝑢 = (𝑥𝑦2)𝑧3

∙ ln (𝑥𝑦2) ∙ 3𝑧2𝑑𝑧. 

11-misol: 𝑢 = 𝑙𝑛2(𝑥2+𝑦2−𝑧2)  funksiyaning to‘la differinsiallini toping. 

Yechish:  Dastlab funksiyaning xususiy hosilalarini topamiz: 

  
𝜕𝑧

𝜕𝑥
= 2𝑙𝑛(𝑥2+𝑦2−𝑧2) ∙

1

𝑥2+𝑦2−𝑧2
∙ 2𝑥 =

4𝑥𝑙𝑛(𝑥2+𝑦2−𝑧2)

𝑥2+𝑦2−𝑧2
,   

𝜕𝑧

𝜕𝑦
= 2𝑙𝑛(𝑥2+𝑦2−𝑧2) ∙

1

𝑥2+𝑦2−𝑧2
∙ 2𝑦 =

4𝑦𝑙𝑛(𝑥2+𝑦2−𝑧2)

𝑥2+𝑦2−𝑧2
,  

 
𝜕𝑧

𝜕𝑧
= 2𝑙𝑛(𝑥2+𝑦2−𝑧2) ∙

1

𝑥2+𝑦2−𝑧2
∙ (−2𝑧) = −

4𝑧𝑙𝑛(𝑥2+𝑦2−𝑧2)

𝑥2+𝑦2−𝑧2
.   

𝑑𝑢 =
𝜕𝑢

𝜕𝑥
𝑑𝑥 +

𝜕𝑢

𝜕𝑦
dy+

𝜕𝑢

𝜕𝑧
𝑑𝑧 to‘la differinsiallini topish formulasi bo‘yicha hisoblasak: 

𝑑𝑢 =  
4𝑥𝑙𝑛(𝑥2+𝑦2−𝑧2)

𝑥2+𝑦2−𝑧2
 ∙ (𝑥𝑑𝑥 + 𝑦𝑑𝑥 + 𝑧𝑑𝑧) ga ega bo‘lamiz. 

12-misol: 𝑢 = √𝑥2+𝑦2+𝑧2  funksiyaning x, y, z o‘zgaruvchilarga nisbatan xususiy 

hosilalarining P(2;-2;1) nuqtadagi qiymatini hisoblang.  

Yechish: Xususiy hosilalarni topamiz:             
𝜕𝑢

𝜕𝑥
=

𝑥

√𝑥2+𝑦2+𝑧2
− 𝑦𝑧, 

𝜕𝑢

𝜕𝑦
=

𝑦

√𝑥2+𝑦2+𝑧2
− 𝑥𝑧,          

𝜕𝑢

𝜕𝑧
=

𝑧

√𝑥2+𝑦2+𝑧2
− 𝑥𝑦. 

Bu ifodalarga berilgan nuqtaning koordinatalarini qo‘yamiz:  

𝜕𝑢

𝜕𝑥
|

𝑃
=

2

3
+ 2 =

8

3
,          

𝜕𝑢

𝜕𝑦
|

𝑃
= −

2

3
− 2 = −

8

3
,                      

𝜕𝑢

𝜕𝑧
|

𝑃
=

1

3
+ 4 =

13

3
. 



13-misol: Agar 𝑢 = 𝑥+𝑦2+𝑧3 funksiyada 𝑦 = 𝑠𝑖𝑛𝑥, 𝑧 = 𝑐𝑜𝑠𝑥 bo‘lsa, uning to‘la hosilasini 

toping. 

Yechish: To‘la hosilani topish formulasidan foydalansak: 

   
𝑑𝑢

𝑑𝑥
=

𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
∙

𝑑𝑦

𝑑𝑥
+

𝜕𝑢

𝜕𝑧
∙

𝑑𝑧

𝑑𝑥
= 1 + 2𝑦𝑐𝑜𝑠𝑥 + 3𝑧2(−𝑠𝑖𝑛𝑥) = 

= 1 + 2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 − 3𝑐𝑜𝑠2𝑥 𝑠𝑖𝑛𝑥. 

 

Mustaqil yechish uchun misollar: 

Quyidagi funksiyalarning aniqlanish sohasini toping.  

1)   𝑧 = √𝑦2 − 2𝑥 + 4 .                                2) 𝑧 = √4 − 𝑥2 + 𝑦  

3)  𝑧 = √𝑥2 − 𝑦2 − 9 .                                  4) 𝑧 = √4 − 𝑦2 + 𝑥. 

Quyidagi funksiyalarning xususiy hosilalarini toping. 

5) 𝑧 = (𝑥3+𝑦3−𝑥𝑦2).                                  6) 𝑧 = (𝑥3+𝑦3−𝑥𝑦2)3.          

7) 𝑧 = 𝑎𝑟𝑐𝑠𝑖𝑛
𝑥

𝑦
.                                            8) 𝑢 = 𝑎𝑟𝑐𝑡𝑔

𝑥−𝑦

𝑧
. 

Quyidagi funksiyalarning xususiy differensiallarini toping. 

9)  𝑢 = 𝑥𝑦𝑧.                                                  10) 𝑢 =
𝑥2+𝑦2+𝑧2

𝑧2−𝑥2−𝑦2
.                   

11) 𝑧 = ln √𝑥2 + 𝑦2.                                    12) 𝑢 =  𝑡𝑔2(𝑥 − 𝑦2 + 𝑧). 

Quyidagi funksiyalarning to‘la differensiallarini toping. 

13) 𝑧 = 𝑥3+𝑥𝑦2+𝑥2𝑦.                                 14) 𝑧 = 𝑒𝑥2−𝑦2
.      

15) 𝑧 =  𝑙𝑛2(𝑥2+𝑦2).              

Quyidagi aniq integrallarni hisoblang. 

16) ∫ 𝑥 𝑑𝑥 =                          17) ∫ 𝑥32

0

3

2
 𝑑𝑥 =                           18) ∫ (𝑥2 − 4 + 5)

3

−1
𝑑𝑥 =         

19) ∫ (3𝑥 − 2) 𝑑𝑥 =               20)  ∫ 𝑠𝑖𝑛𝑥 𝑑𝑥 =                       21)  ∫ 𝑐𝑜𝑠𝑥 𝑑𝑥 = 
𝜋

0

𝜋
𝜋

2

2

1
        

22) ∫ 𝑥6 = 
2

0
 



5-Amaliy mavzuga: Aniqmas integrallarga  doir misollar yechish. 

1.Quyidagi integrallarni hisoblang: 𝑎) ∫ 35𝑥𝑑𝑥   𝑏) ∫ 42𝑥𝑑𝑥  𝑣) ∫ 52𝑥 𝑑𝑥 

𝑔) ∫ 192𝑥𝑑𝑥         𝑑) ∫ 72𝑥 𝑑𝑥. 

 

Yechish:  Bilishimiz lozim: 𝑦` = (𝑎𝑥)` = 𝑎𝑥 ln 𝑎 

                    𝑦` = (𝑎𝑘𝑥)` = 𝑘𝑎𝑘𝑥 ln 𝑎.                            ∫ 𝑎𝑥 𝑑𝑥 =
𝑎𝑥

ln 𝑎
+ 𝐶 

 

𝑎) ∫ 35𝑥𝑑𝑥  =
35𝑥

5 ln 3
+ 𝐶 .   𝑏) ∫ 42𝑥𝑑𝑥  =

42𝑥

2 ln 4
+ 𝐶. 

𝑣) ∫ 52𝑥𝑑𝑥  =
52𝑥

2 ln 5
+ 𝐶 .    𝑔) ∫ 192𝑥𝑑𝑥  =

192𝑥

2 ln 19
+ 𝐶. 

𝑑) ∫ 72𝑥𝑑𝑥  =
72𝑥

7 ln 7
+ 𝐶 

2.Quyidagi integrallarni hisoblang: 𝑎) ∫ 𝑠𝑖𝑛3𝑥𝑑𝑥       𝑏) ∫ 𝑠𝑖𝑛4𝑥𝑑𝑥  

𝑣) ∫ 𝑠𝑖𝑛7𝑥𝑑𝑥   𝑔) ∫ 𝑠𝑖𝑛22𝑥𝑑𝑥   𝑑)  ∫ 𝑠𝑖𝑛33𝑥𝑑𝑥. 

Yechish:  Bilishimiz lozim: 𝑦` = (𝑐𝑜𝑠𝑥)` = −𝑠𝑖𝑛𝑥, 𝑦` = (𝑐𝑜𝑠2𝑥)` = −2𝑠𝑖𝑛2𝑥 

∫ 𝑠𝑖𝑛𝑥𝑑𝑥 = −𝑐𝑜𝑠𝑥 + 𝐶. 

   𝑎) ∫ 𝑠𝑖𝑛3𝑥𝑑𝑥 = −
𝑐𝑜𝑠3𝑥

3
+ 𝐶.   𝑏) ∫ 𝑠𝑖𝑛4𝑥𝑑𝑥 = −

𝑐𝑜𝑠4𝑥

4
+  𝐶.              

𝑣) ∫ 𝑠𝑖𝑛7𝑥𝑑𝑥 = −
𝑐𝑜𝑠7𝑥

7
+ 𝐶.   𝑔) ∫ 𝑠𝑖𝑛22𝑥𝑑𝑥 = −

𝑐𝑜𝑠22𝑥

22
+  𝐶.   

𝑑) ∫ 𝑠𝑖𝑛33𝑥𝑑𝑥 = −
𝑐𝑜𝑠33𝑥

33
+ 𝐶.      

3.Quyidagi integrallarni hisoblang: 𝑎) ∫ 𝑐𝑜𝑠2𝑥𝑑𝑥       𝑏) ∫ 𝑐𝑜𝑠3𝑥𝑑𝑥  

𝑣) ∫ 𝑐𝑜𝑠5𝑥𝑑𝑥    𝑔) ∫ 𝑐𝑜𝑠19𝑥𝑑𝑥   𝑑)  ∫ 𝑐𝑜𝑠21𝑥𝑑𝑥. 

Yechish:  Bilishimiz lozim: 𝑦` = (𝑠𝑖𝑛𝑥)` = 𝑐𝑜𝑠𝑥       𝑦` = (𝑠𝑖𝑛2𝑥)` = 2𝑐𝑜𝑠2𝑥 

∫ 𝑐𝑜𝑠𝑑𝑥 = 𝑠𝑖𝑛𝑥 + 𝐶. 

   𝑎) ∫ 𝑐𝑜𝑠2𝑥𝑑𝑥 =
𝑠𝑖𝑛2𝑥

2
+ 𝐶.   𝑏) ∫ 𝑐𝑜𝑠3𝑥𝑑𝑥 =

𝑠𝑖𝑛3𝑥

3
+  𝐶.              

𝑣) ∫ 𝑐𝑜𝑠5𝑥𝑑𝑥 =
𝑠𝑖𝑛5𝑥

5
+ 𝐶.   𝑔) ∫ 𝑐𝑜𝑠19𝑥𝑑𝑥 =

𝑠𝑖𝑛19𝑥

19
+  𝐶.   

 𝑑) ∫ 𝑐𝑜𝑠21𝑥𝑑𝑥 =
𝑠𝑖𝑛21𝑥

21
+ 𝐶.      

4.Quyidagi integrallarni hisoblang:    𝑎) ∫ 𝑠𝑖𝑛3𝑥𝑐𝑜𝑠2𝑥𝑑𝑥  

 𝑏) ∫ 𝑠𝑖𝑛5𝑥𝑐𝑜𝑠3𝑥𝑑𝑥   𝑣) ∫ 𝑐𝑜𝑠2𝑥𝑐𝑜𝑠3𝑥𝑑𝑥     𝑔) ∫ 𝑠𝑖𝑛7𝑥 𝑠𝑖𝑛3𝑥𝑑𝑥     



𝑑)  ∫ 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠𝑥𝑑𝑥. 

Yechish:  Quyidagi trigonometrik formulalarni bilishimiz lozim:  

1) 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑦 =
1

2
(sin(𝑥 + 𝑦) + sin(𝑥 − 𝑦)). 

2) 1) 𝑐𝑜𝑠𝑥 𝑐𝑜𝑠𝑦 =
1

2
(cos(𝑥 + 𝑦) + cos(𝑥 − 𝑦)). 

3) 1) 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 =
1

2
(cos(𝑥 − 𝑦) − cos (𝑥 + 𝑦)). 

𝑎) ∫ 𝑠𝑖𝑛3𝑥𝑐𝑜𝑠2𝑥𝑑𝑥 =
1

2
∫(𝑠𝑖𝑛5𝑥 + 𝑠𝑖𝑛𝑥)𝑑𝑥 =

1

2
(∫ 𝑠𝑖𝑛5𝑥𝑑𝑥 + ∫ 𝑠𝑖𝑛𝑥𝑑𝑥) = 

=
1

2

1

5
(−𝑐𝑜𝑠5𝑥) +

1

2
(−𝑐𝑜𝑠𝑥) + 𝐶 = −

1

10
𝑐𝑜𝑠5𝑥 −

1

2
𝑐𝑜𝑠𝑥 + 𝐶. 

𝑏) ∫ 𝑠𝑖𝑛5𝑥𝑐𝑜𝑠3𝑥𝑑𝑥 =
1

2
∫(𝑠𝑖𝑛8𝑥 + 𝑠𝑖𝑛2𝑥)𝑑𝑥 =

1

2
(∫ 𝑠𝑖𝑛8𝑥𝑑𝑥 + ∫ 𝑠𝑖𝑛2𝑥𝑑𝑥)

= 

=
1

2

1

8
(−𝑐𝑜𝑠8𝑥) +

1

2

1

2
(−𝑐𝑜𝑠2𝑥) + 𝐶 = −

1

16
𝑐𝑜𝑠8𝑥 −

1

4
𝑐𝑜𝑠2𝑥 + 𝐶. 

1

2
∫(𝑠𝑖𝑛5𝑥 + 𝑠𝑖𝑛𝑥)𝑑𝑥 =

1

2
(∫ 𝑠𝑖𝑛5𝑥𝑑𝑥 + ∫ 𝑠𝑖𝑛𝑥𝑑𝑥) = 

𝑣) ∫ 𝑐𝑜𝑠2𝑥𝑐𝑜𝑠3𝑥𝑑𝑥 =
1

2
∫(𝑐𝑜𝑠5𝑥 + cos (−𝑥))𝑑𝑥 =

1

2
(∫ 𝑐𝑜𝑠5𝑥𝑑𝑥 + ∫ 𝑐𝑜𝑠𝑥𝑑𝑥)

= 

=
1

2

1

5
(𝑠𝑖𝑛5𝑥) +

1

2
𝑠𝑖𝑛𝑥 + 𝐶 =

1

10
𝑠𝑖𝑛5𝑥 +

1

2
𝑠𝑖𝑛𝑥 + 𝐶. 

𝑔) ∫ 𝑠𝑖𝑛7𝑥𝑠𝑖𝑛3𝑥𝑑𝑥 =
1

2
∫(𝑐𝑜𝑠4𝑥 + 𝑐𝑜𝑠10𝑥)𝑑𝑥 =

1

2
(∫ 𝑐𝑜𝑠4𝑥𝑑𝑥 + ∫ 𝑐𝑜𝑠10𝑥𝑑𝑥) = 

=
1

2

1

4
𝑠𝑖𝑛4𝑥 +

1

2

1

10
𝑠𝑖𝑛10𝑥 + 𝐶 =

1

8
𝑠𝑖𝑛4𝑥 +

1

20
𝑠𝑖𝑛10𝑥 + 𝐶. 

 

𝑑)  ∫ 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠𝑥𝑑𝑥 =
1

2
∫(𝑐𝑜𝑠𝑥 + 𝑐𝑜𝑠3𝑥)𝑑𝑥 =

1

2
(∫ 𝑐𝑜𝑠𝑥𝑑𝑥 + ∫ 𝑐𝑜𝑠3𝑥𝑑𝑥) = 

=
1

2
𝑠𝑖𝑛𝑥 +

1

2

1

3
𝑠𝑖𝑛3𝑥 + 𝐶 =

1

2
𝑠𝑖𝑛𝑥 +

1

6
𝑠𝑖𝑛3𝑥 + 𝐶. 

5.Quyidagi integrallarni hisoblang:    𝑎) ∫
𝑑𝑥

𝑐𝑜𝑠23𝑥
     𝑏) ∫

𝑑𝑥

𝑠𝑖𝑛24𝑥
 

𝑣) ∫
𝑑𝑥

𝑐𝑜𝑠225𝑥
     𝑔) ∫

𝑑𝑥

𝑐𝑜𝑠24𝑥
   𝑑) ∫

𝑑𝑥

𝑠𝑖𝑛23𝑥
 



 

Yechish:  Quyidagi trigonometrik formulalarni bilishimiz lozim:  

𝑦` = (𝑡𝑔𝑥)` =
1

𝑐𝑜𝑠2𝑥
 , 𝑦` = (𝑡𝑔2𝑥)` =

2

𝑐𝑜𝑠22𝑥
, 

𝑦` = (𝑐𝑡𝑔𝑥)` = −
1

𝑠𝑖𝑛2𝑥
 , 𝑦` = (𝑐𝑡𝑔2𝑥)` = −

2

𝑠𝑖𝑛22𝑥
. 

∫
𝑑𝑥

𝑐𝑜𝑠2𝑥
= 𝑡𝑔𝑥 + 𝐶;  ∫

𝑑𝑥

𝑠𝑖𝑛2𝑥
= −𝑐𝑡𝑔𝑥 + 𝐶.  

    𝑎) ∫
𝑑𝑥

𝑐𝑜𝑠23𝑥
=

1

3
𝑡𝑔3𝑥 + 𝐶 .    𝑏) ∫

𝑑𝑥

𝑠𝑖𝑛24𝑥
=  −

1

4
𝑐𝑡𝑔4𝑥 + 𝐶 .   

𝑣) ∫
𝑑𝑥

𝑐𝑜𝑠225𝑥
=

1

25
𝑡𝑔25𝑥 + 𝐶 .    𝑑) ∫

𝑑𝑥

𝑠𝑖𝑛23𝑥
=  −

1

3
𝑐𝑡𝑔3𝑥 + 𝐶 .   

𝑔) ∫
𝑑𝑥

𝑐𝑜𝑠24𝑥
  =  

1

4
𝑡𝑔4𝑥 + 𝐶. 

6.Quyidagi integrallarni hisoblang:    𝑎) ∫
𝑑𝑥

1+9𝑥2       𝑏) ∫
𝑑𝑥

1+4𝑥2  𝑏) ∫
𝑑𝑥

1+16𝑥2    

𝑔) ∫
𝑑𝑥

1+49𝑥2  d) ∫
𝑑𝑥

1+169𝑥2. 

Yechish:  Bilishimiz lozim:  ∫
𝑑𝑥

1+𝑥2 = 𝑎𝑟𝑐𝑡𝑔𝑥 + 𝐶. 

𝑎) ∫
𝑑𝑥

1+9𝑥2 = ∫
𝑑𝑥

1+(3𝑥)2 =
1

3
𝑎𝑟𝑐𝑡𝑔3𝑥 + 𝐶. 

𝑏) ∫
𝑑𝑥

1+4𝑥2 = ∫
𝑑𝑥

1+(2𝑥)2 =
1

2
𝑎𝑟𝑐𝑡𝑔2𝑥 + 𝐶. 

𝑣) ∫
𝑑𝑥

1 + 16𝑥2
= ∫

𝑑𝑥

1 + (4𝑥)2
=

1

4
𝑎𝑟𝑐𝑡𝑔4𝑥 + 𝐶. 

𝑔) ∫
𝑑𝑥

1+49𝑥2 = ∫
𝑑𝑥

1+(7𝑥)2 =
1

7
𝑎𝑟𝑐𝑡𝑔7𝑥 + 𝐶. 

𝑑) ∫
𝑑𝑥

1 + 169𝑥2
= ∫

𝑑𝑥

1 + (13𝑥)2
=

1

13
𝑎𝑟𝑐𝑡𝑔13𝑥 + 𝐶 

7.Quyidagi integrallarni hisoblang:    𝑎) ∫
𝑑𝑥

√1−9𝑥2
      𝑏) ∫

𝑑𝑥

√1−4𝑥2
  𝑣) ∫

𝑑𝑥

√1−16𝑥2
    

𝑔) ∫
𝑑𝑥

√1−49𝑥2
  d) ∫

𝑑𝑥

√1−169𝑥2
. 

Yechish:  Bilishimiz lozim:  ∫
𝑑𝑥

1+𝑥2 = 𝑎𝑟𝑐𝑠𝑖𝑛𝑥 + 𝐶. 

𝑎) ∫
𝑑𝑥

√1−9𝑥2
= ∫

𝑑𝑥

√1−(3𝑥)2
=

1

3
𝑎𝑟𝑐𝑠𝑖𝑛3𝑥 + 𝐶. 



𝑏) ∫
𝑑𝑥

√1 − 4𝑥2
= ∫

𝑑𝑥

√1 − (2𝑥)2
=

1

2
𝑎𝑟𝑐𝑠𝑖𝑛2𝑥 + 𝐶. 

𝑣) ∫
𝑑𝑥

√1 − 16𝑥2
= ∫

𝑑𝑥

√1 − (4𝑥)2
=

1

4
𝑎𝑟𝑐𝑠𝑖𝑛4𝑥 + 𝐶. 

𝑔) ∫
𝑑𝑥

√1−49𝑥2
= ∫

𝑑𝑥

√1−(7𝑥)2
=

1

7
𝑎𝑟𝑐𝑠𝑖𝑛7𝑥 + 𝐶. 

𝑑) ∫
𝑑𝑥

√1 − 169𝑥2
= ∫

𝑑𝑥

√1 − (13𝑥)2
=

1

13
𝑎𝑟𝑐𝑠𝑖𝑛13𝑥 + 𝐶. 

8.Quyidagi integrallarni hisoblang:    𝑎) ∫
𝑑𝑥

2𝑥−1
      𝑏) ∫

𝑑𝑥

5𝑥−2
  𝑣) ∫

𝑑𝑥

15𝑥−21
    

𝑔) ∫
𝑑𝑥

3𝑥−1
  d) ∫

𝑑𝑥

7𝑥−3
. 

Yechish:  Bilishimiz lozim:  ∫
𝑑𝑥

𝑥
= ln(𝑥) + 𝐶.   𝑦` = (𝑙𝑛𝑥)` =  

1

𝑥
, 𝑦` =

(ln (2𝑥 − 1)` =  
2

2𝑥−1
. 

𝑎) ∫
𝑑𝑥

2𝑥−1
=

1

2
ln|2𝑥 − 1|                    𝑏) ∫

𝑑𝑥

5𝑥−1
=

1

5
ln |5𝑥 − 1|. 

𝑣) ∫
𝑑𝑥

15𝑥 − 1
=

1

15
ln|15𝑥 − 1| .            𝑔) ∫

𝑑𝑥

3𝑥 − 1
=

1

3
ln|3𝑥 − 1|. 

𝑑) ∫
𝑑𝑥

7𝑥−1
=

1

7
ln |7𝑥 − 1|. 

9.Quyidagi integrallarni hisoblang:    𝑎) ∫
𝑥

𝑥+1
𝑑𝑥          𝑏) ∫

𝑑𝑥

𝑥2−7𝑥+12
  

  𝑣) ∫
𝑑𝑥

𝑥2−3𝑥−10
          𝑔) ∫

𝑑𝑥

𝑥2−4𝑥+3
            d) ∫

𝑑𝑥

4(𝑥2−4)
. 

Yechish. 

𝑎) ∫
𝑥

𝑥 + 1
𝑑𝑥 =  ∫

𝑥 + 1 − 1

𝑥 + 1
𝑑𝑥 = ∫ (

𝑥 + 1

𝑥 + 1
−

1

𝑥 + 1
)  𝑑𝑥 =        

= ∫ 𝑑𝑥 − ∫
1

𝑥 + 1
𝑑𝑥 = 𝑥 − ln(𝑥 + 1) + 𝐶. 

𝑏) 
𝑑𝑥

𝑥2 − 7𝑥 + 12
= ∫

𝑑𝑥

(𝑥 − 4)(𝑥 − 3)
= ∫ (

𝐴

𝑥 − 4
+

𝐵

𝑥 − 3
) 𝑑𝑥 =  

= {
𝐴(𝑥 − 3) + 𝐵(𝑥 − 4) = 𝑥 ∗ 0 + 1
𝐴𝑥 − 3𝐴 + 𝐵𝑥 − 4𝐵 = 𝑥 ∗ 0 + 1

 

=> {
𝑥(𝐴 + 𝐵) + (−3𝐴 − 4𝐵) = 𝑥 ∗ 0 + 1

𝐴 + 𝐵 = 0 𝐴 = −𝐵, (3𝐵 − 4𝐵) = 1, 𝐵 = −1
=> {

𝐴 = 1
𝐵 = −1

= 



∫ (
1

𝑥−4
−

1

𝑥−3
) 𝑑𝑥 = ∫

1

𝑥−4
𝑑𝑥 − ∫

1

𝑥−3
𝑑𝑥 = ln |

𝑥−4

𝑥−3
|. 

 



6-amaliy mavzuga:  

Integral ostidagi ifodani sodda qo‘shiluvchilar yig‘indisi ko‘rinishiga 

keltirib integrallashga yoyib integrallash usuli deyiladi. 

Integrallarni toping: 

1235.∫ (𝑥2 + 2𝑥 +
1

𝑥
) 𝑑𝑥 = ∫ 𝑥2𝑑𝑥 + 2 ∫ 𝑥𝑑𝑥 + ∫

1

𝑥
𝑑𝑥 =

𝑥3

3
+ 2 ∙

𝑥2

2
+ ln|𝑥| + 𝐶 =

 
𝑥3

3
+ 2𝑥 + ln|𝑥| + 𝐶. 

1237.∫
𝑥−2

𝑥3 𝑑𝑥 = ∫
𝑥

𝑥3 𝑑𝑥 + ∫
2

𝑥3 𝑑𝑥 = ∫ 𝑥−2 𝑑𝑥 + 2 ∫ 𝑥−3𝑑𝑥 =
𝑥−2+1

−2+1
+ 2 ∙

𝑥−3+1

−3+1
+ 𝐶 =

 −
1

𝑥
−

1

𝑥2 + 𝐶. 

1239.∫(√𝑥 + √𝑥
3

) 𝑑𝑥 = ∫ √𝑥𝑑𝑥 + ∫ √𝑥 
3

𝑑𝑥 =
𝑥

1
2

+1

1

2
+1

+
𝑥

1
3

+1

1

3
+1

+ 𝐶 =
𝑥

3
2

3

2

+
𝑥

4
3

4

3

+

𝐶 =  
2𝑥√𝑥

3
+

3𝑥 √𝑥
3

4
+ 𝐶 = 𝑥 (

2

3
√𝑥 +

3

4
√𝑥
3

) + 𝐶. 

1241. ∫
(√𝑥−1)

3

𝑥
𝑑𝑥 = ∫

(√𝑥)
3

−3(√𝑥)
2

−3√𝑥∙1−1

𝑥
𝑑𝑥 = ∫

√𝑥3

𝑥
𝑑𝑥 − 3 ∫

𝑥

𝑥
𝑑𝑥 −

3 ∫
√𝑥

𝑥
𝑑𝑥 − ∫

1

𝑥
𝑑𝑥 = ∫ 𝑥

3−2

2 𝑑𝑥 − 3 ∫ 𝑑𝑥 − 3 ∫ 𝑥
1−2

2 𝑑𝑥 − ∫
𝑑𝑥

𝑥
=

𝑥
1+2

2

1+2

2

− 3𝑥 −

3 ∙
𝑥

−1+2
2

−1+2

2

− ln|𝑥| + 𝐶 =
𝑥

3
2

3

2

− 3𝑥 − 3 ∙
𝑥

1
2

1

2

+ ln|𝑥| + 𝐶 =
2√𝑥3

3
− 3𝑥 + 6√𝑥 −

ln|𝑥| + 𝐶. 

1243. ∫ 𝑒𝑥 (1 −
𝑒−𝑥

𝑥2 ) 𝑑𝑥 = ∫ 𝑒𝑥𝑑𝑥 − ∫ 𝑥−2𝑑𝑥 = 𝑒𝑥 −
𝑥−2+1

−2+1
+ 𝐶 = 𝑒𝑥 +

1

𝑥
+ 𝐶. 

1245.∫
𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 − ∫

𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 =

∫
𝑑𝑥

𝑠𝑖𝑛2𝑥
− ∫

𝑑𝑥

𝑐𝑜𝑠2𝑥
= −𝑐𝑡𝑔𝑥 − 𝑡𝑔𝑥 + 𝐶. 

1247. ∫
𝑑𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
= ∫

𝑠𝑖𝑛2𝑥+𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫

𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 + ∫

𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 =

 ∫
𝑑𝑥

𝑐𝑜𝑠2𝑥
+ ∫

𝑑𝑥

𝑠𝑖𝑛2𝑥
= 𝑡𝑔𝑥 − 𝑐𝑡𝑔𝑥 + 𝐶. 

1249.  ∫ 𝑠𝑖𝑛2 𝑥

2
= ∫ (√

1−𝑐𝑜𝑠𝑥

2
)

2

𝑑𝑥 = ∫
1−𝑐𝑜𝑠𝑥

2
𝑑𝑥 =

1

2
∫ 𝑑𝑥 −

1

2
∫ 𝑐𝑜𝑠𝑥𝑑𝑥 =

𝑥

2
−

𝑠𝑖𝑛𝑥

2
+ 𝐶. 

1251.∫ (
2

1+𝑥2 −
3

√1−𝑥2
) 𝑑𝑥 = 2 ∫

𝑑𝑥

(1+𝑥2)
− 3 ∫

𝑑𝑥

√1−𝑥2
= 𝑎𝑟𝑐𝑡𝑔𝑥 − 3𝑎𝑟𝑐𝑠𝑖𝑛𝑥 + 𝐶. 



1253.∫
(𝑥2−1)

2

𝑥3 𝑑𝑥 = ∫
𝑥4−2𝑥2+1

𝑥3 𝑑𝑥 = ∫
𝑥4

𝑥3 𝑑𝑥 − 2 ∫
𝑥2

𝑥3 𝑑𝑥 + ∫
1

𝑥3 𝑑𝑥 = ∫ 𝑥𝑑𝑥 −

2 ∫
𝑑𝑥

𝑥
+ ∫ 𝑥−3𝑑𝑥 =

𝑥2

2
− 2 ln|𝑥| +

𝑥−3+1

−3+1
+ 𝐶 =

𝑥2

2
−

𝑥−2

2
− 2 ln|𝑥| + 𝐶 =

 
𝑥4−1

2𝑥2 − 2ln|𝑥| + 𝐶. 

1255. ∫
𝑥−2

√𝑥3
𝑑𝑥 = ∫ 𝑥1−

3

2𝑑𝑥 − 2 ∫ 𝑥−
3

2 𝑑𝑥 = ∫ 𝑥−
1

2𝑑𝑥 − 2 ∫ 𝑥−
3

2𝑑𝑥 =
𝑥

−
1
2

+1

−
1

2
+1

−

2 ∙
𝑥

−
3
2

+1

−
3

2
+1

+ 𝐶 =
𝑥

1
2

1

2

− 2 ∙
𝑥

−
1
2

−
1

2

+ 𝐶 = 2√𝑥 −
4

√𝑥
+ 𝐶 =

2𝑥+4

√𝑥
+ 𝐶 =

2(𝑥−2)

√𝑥
+ 𝐶. 

1257.∫ (
1

𝑥
+

1

𝑥2 +
1

𝑥3) 𝑑𝑥 = ∫
𝑑𝑥

𝑥
+ ∫ 𝑥−2 𝑑𝑥 + ∫ 𝑥−3𝑑𝑥 = ln|𝑥| +

𝑥−2+1

−2+1
+

𝑥−3+1

−3+1
+

𝐶 = ln|𝑥| −
1

𝑥
−

1

2𝑥2 + 𝐶. 

1259.∫ 𝑒𝑥 (1 +
𝑒−𝑥

𝑐𝑜𝑠2𝑥
) 𝑑𝑥 = ∫ (𝑒𝑥 +

1

𝑐𝑜𝑠2𝑥
) 𝑑𝑥 = ∫ 𝑒𝑥 𝑑𝑥 + ∫

𝑑𝑥

𝑐𝑜𝑠2𝑥
= 𝑒𝑥 + 𝑡𝑔𝑥 + 𝐶. 

1261. ∫
1−𝑠𝑖𝑛3𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑑𝑥

𝑠𝑖𝑛2𝑥
− ∫ 𝑠𝑖𝑛𝑥𝑑𝑥 = −𝑐𝑡𝑔𝑥 + 𝑐𝑜𝑠𝑥 + 𝐶. 

Bevosita integrallash va o‘rniga qo‘yish usullari: 

1263. ∫ 𝑐𝑜𝑠3𝑥𝑑𝑥 =
1

3
𝑠𝑖𝑛3𝑥 + 𝐶. 

1265. ∫ 𝑒−3𝑥𝑑𝑥 = −
1

3
𝑒−3𝑥 + 𝐶. 

1267. ∫ (𝑒
𝑥

2 + 𝑒−
𝑥

2) 𝑑𝑥 =  ∫ 𝑒
𝑥

2 𝑑𝑥 + ∫ 𝑒−
𝑥

2 𝑑𝑥 = 2𝑒
𝑥

2 − 2𝑒−
𝑥

2 + 𝐶 = 2 (𝑒
𝑥

2 −

𝑒−
𝑥

2) + 𝐶. 

1269. ∫(3 − 2𝑥)4𝑑𝑥 = −
(3−2𝑥)5

2∙5
+ 𝐶 = −

(3−2𝑥)5

10
+ 𝐶. 

1271.∫
𝑑𝑥

√3−2𝑥
= ∫(√3 − 2𝑥)

−
1

2 𝑑𝑥 =
(3−2𝑥)−

1+2
2

2(
1+2

2
)

+ 𝐶 = −(3 − 2𝑥)
1

2 + 𝐶 =

 −√3 − 2𝑥 + 𝐶. 

1273. ∫
2𝑥−5

𝑥2−5𝑥+7
𝑑𝑥 =

1

2
∫

(2𝑥−5)`𝑑(2𝑥−5)

𝑥2−5𝑥+7
=  ln(𝑥2 − 5𝑥 + 7) + 𝐶. 

1275. ∫
𝑑𝑥

1−10𝑥
= −

1

10
ln|1 − 10𝑥| + 𝐶. 

1277. ∫ 𝑐𝑡𝑔𝑥𝑑𝑥 = ∫
𝑐𝑜𝑠𝑥𝑑𝑥

𝑠𝑖𝑛𝑥
= ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
= ln|𝑠𝑖𝑛𝑥| + 𝐶. 



1279. ∫
𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 =  ∫

𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 − ∫

𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 =

 ∫
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥 − ∫

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
𝑑𝑥 = ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
+ ∫

𝑑𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥
= ln|𝑠𝑖𝑛𝑥| + ln|𝑐𝑜𝑠𝑥| + 𝐶 =

ln|𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥| + 𝐶 =
1

2
ln|𝑠𝑖𝑛2𝑥| + 𝐶. 

1281. ∫
𝑐𝑜𝑠𝑥

1+2𝑠𝑖𝑛𝑥
𝑑𝑥 =

1

2
∫

𝑑(1+2𝑠𝑖𝑛𝑥)

1+2𝑠𝑖𝑛𝑥
=

1

2
ln|1 + 2𝑠𝑖𝑛𝑥|. 

1283. ∫ 𝑠𝑖𝑛2𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 = ∫ 𝑠𝑖𝑛2𝑥𝑑𝑠𝑖𝑛𝑥 =  
𝑠𝑖𝑛3𝑥

3
+ 𝐶. 

1285. ∫
𝑐𝑜𝑠𝑥 𝑑𝑥

𝑠𝑖𝑛4𝑥
= ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛4𝑥
= −

1 

3𝑠𝑖𝑛3𝑥
+ 𝐶. 

 



6-amaliy mavzuga:  

Integral ostidagi ifodani sodda qo‘shiluvchilar yig‘indisi ko‘rinishiga 

keltirib integrallashga yoyib integrallash usuli deyiladi. 

Integrallarni toping: 

1235.∫ (𝑥2 + 2𝑥 +
1

𝑥
) 𝑑𝑥 = ∫ 𝑥2𝑑𝑥 + 2 ∫ 𝑥𝑑𝑥 + ∫

1

𝑥
𝑑𝑥 =

𝑥3

3
+ 2 ∙

𝑥2

2
+ ln|𝑥| + 𝐶 =

 
𝑥3

3
+ 2𝑥 + ln|𝑥| + 𝐶. 

1237.∫
𝑥−2

𝑥3 𝑑𝑥 = ∫
𝑥

𝑥3 𝑑𝑥 + ∫
2

𝑥3 𝑑𝑥 = ∫ 𝑥−2 𝑑𝑥 + 2 ∫ 𝑥−3𝑑𝑥 =
𝑥−2+1

−2+1
+ 2 ∙

𝑥−3+1

−3+1
+ 𝐶 =

 −
1

𝑥
−

1

𝑥2 + 𝐶. 

1239.∫(√𝑥 + √𝑥
3

) 𝑑𝑥 = ∫ √𝑥𝑑𝑥 + ∫ √𝑥 
3

𝑑𝑥 =
𝑥

1
2

+1

1

2
+1

+
𝑥

1
3

+1

1

3
+1

+ 𝐶 =
𝑥

3
2

3

2

+
𝑥

4
3

4

3

+

𝐶 =  
2𝑥√𝑥

3
+

3𝑥 √𝑥
3

4
+ 𝐶 = 𝑥 (

2

3
√𝑥 +

3

4
√𝑥
3

) + 𝐶. 

1241. ∫
(√𝑥−1)

3

𝑥
𝑑𝑥 = ∫

(√𝑥)
3

−3(√𝑥)
2

−3√𝑥∙1−1

𝑥
𝑑𝑥 = ∫

√𝑥3

𝑥
𝑑𝑥 − 3 ∫

𝑥

𝑥
𝑑𝑥 −

3 ∫
√𝑥

𝑥
𝑑𝑥 − ∫

1

𝑥
𝑑𝑥 = ∫ 𝑥

3−2

2 𝑑𝑥 − 3 ∫ 𝑑𝑥 − 3 ∫ 𝑥
1−2

2 𝑑𝑥 − ∫
𝑑𝑥

𝑥
=

𝑥
1+2

2

1+2

2

− 3𝑥 −

3 ∙
𝑥

−1+2
2

−1+2

2

− ln|𝑥| + 𝐶 =
𝑥

3
2

3

2

− 3𝑥 − 3 ∙
𝑥

1
2

1

2

+ ln|𝑥| + 𝐶 =
2√𝑥3

3
− 3𝑥 + 6√𝑥 −

ln|𝑥| + 𝐶. 

1243. ∫ 𝑒𝑥 (1 −
𝑒−𝑥

𝑥2 ) 𝑑𝑥 = ∫ 𝑒𝑥𝑑𝑥 − ∫ 𝑥−2𝑑𝑥 = 𝑒𝑥 −
𝑥−2+1

−2+1
+ 𝐶 = 𝑒𝑥 +

1

𝑥
+ 𝐶. 

1245.∫
𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 − ∫

𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 =

∫
𝑑𝑥

𝑠𝑖𝑛2𝑥
− ∫

𝑑𝑥

𝑐𝑜𝑠2𝑥
= −𝑐𝑡𝑔𝑥 − 𝑡𝑔𝑥 + 𝐶. 

1247. ∫
𝑑𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
= ∫

𝑠𝑖𝑛2𝑥+𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫

𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 + ∫

𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 =

 ∫
𝑑𝑥

𝑐𝑜𝑠2𝑥
+ ∫

𝑑𝑥

𝑠𝑖𝑛2𝑥
= 𝑡𝑔𝑥 − 𝑐𝑡𝑔𝑥 + 𝐶. 

1249.  ∫ 𝑠𝑖𝑛2 𝑥

2
= ∫ (√

1−𝑐𝑜𝑠𝑥

2
)

2

𝑑𝑥 = ∫
1−𝑐𝑜𝑠𝑥

2
𝑑𝑥 =

1

2
∫ 𝑑𝑥 −

1

2
∫ 𝑐𝑜𝑠𝑥𝑑𝑥 =

𝑥

2
−

𝑠𝑖𝑛𝑥

2
+ 𝐶. 

1251.∫ (
2

1+𝑥2 −
3

√1−𝑥2
) 𝑑𝑥 = 2 ∫

𝑑𝑥

(1+𝑥2)
− 3 ∫

𝑑𝑥

√1−𝑥2
= 𝑎𝑟𝑐𝑡𝑔𝑥 − 3𝑎𝑟𝑐𝑠𝑖𝑛𝑥 + 𝐶. 



1253.∫
(𝑥2−1)

2

𝑥3 𝑑𝑥 = ∫
𝑥4−2𝑥2+1

𝑥3 𝑑𝑥 = ∫
𝑥4

𝑥3 𝑑𝑥 − 2 ∫
𝑥2

𝑥3 𝑑𝑥 + ∫
1

𝑥3 𝑑𝑥 = ∫ 𝑥𝑑𝑥 −

2 ∫
𝑑𝑥

𝑥
+ ∫ 𝑥−3𝑑𝑥 =

𝑥2

2
− 2 ln|𝑥| +

𝑥−3+1

−3+1
+ 𝐶 =

𝑥2

2
−

𝑥−2

2
− 2 ln|𝑥| + 𝐶 =

 
𝑥4−1

2𝑥2 − 2ln|𝑥| + 𝐶. 

1255. ∫
𝑥−2

√𝑥3
𝑑𝑥 = ∫ 𝑥1−

3

2𝑑𝑥 − 2 ∫ 𝑥−
3

2 𝑑𝑥 = ∫ 𝑥−
1

2𝑑𝑥 − 2 ∫ 𝑥−
3

2𝑑𝑥 =
𝑥

−
1
2

+1

−
1

2
+1

−

2 ∙
𝑥

−
3
2

+1

−
3

2
+1

+ 𝐶 =
𝑥

1
2

1

2

− 2 ∙
𝑥

−
1
2

−
1

2

+ 𝐶 = 2√𝑥 −
4

√𝑥
+ 𝐶 =

2𝑥+4

√𝑥
+ 𝐶 =

2(𝑥−2)

√𝑥
+ 𝐶. 

1257.∫ (
1

𝑥
+

1

𝑥2 +
1

𝑥3) 𝑑𝑥 = ∫
𝑑𝑥

𝑥
+ ∫ 𝑥−2 𝑑𝑥 + ∫ 𝑥−3𝑑𝑥 = ln|𝑥| +

𝑥−2+1

−2+1
+

𝑥−3+1

−3+1
+

𝐶 = ln|𝑥| −
1

𝑥
−

1

2𝑥2 + 𝐶. 

1259.∫ 𝑒𝑥 (1 +
𝑒−𝑥

𝑐𝑜𝑠2𝑥
) 𝑑𝑥 = ∫ (𝑒𝑥 +

1

𝑐𝑜𝑠2𝑥
) 𝑑𝑥 = ∫ 𝑒𝑥 𝑑𝑥 + ∫

𝑑𝑥

𝑐𝑜𝑠2𝑥
= 𝑒𝑥 + 𝑡𝑔𝑥 + 𝐶. 

1261. ∫
1−𝑠𝑖𝑛3𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑑𝑥

𝑠𝑖𝑛2𝑥
− ∫ 𝑠𝑖𝑛𝑥𝑑𝑥 = −𝑐𝑡𝑔𝑥 + 𝑐𝑜𝑠𝑥 + 𝐶. 

Bevosita integrallash va o‘rniga qo‘yish usullari: 

1263. ∫ 𝑐𝑜𝑠3𝑥𝑑𝑥 =
1

3
𝑠𝑖𝑛3𝑥 + 𝐶. 

1265. ∫ 𝑒−3𝑥𝑑𝑥 = −
1

3
𝑒−3𝑥 + 𝐶. 

1267. ∫ (𝑒
𝑥

2 + 𝑒−
𝑥

2) 𝑑𝑥 =  ∫ 𝑒
𝑥

2 𝑑𝑥 + ∫ 𝑒−
𝑥

2 𝑑𝑥 = 2𝑒
𝑥

2 − 2𝑒−
𝑥

2 + 𝐶 = 2 (𝑒
𝑥

2 −

𝑒−
𝑥

2) + 𝐶. 

1269. ∫(3 − 2𝑥)4𝑑𝑥 = −
(3−2𝑥)5

2∙5
+ 𝐶 = −

(3−2𝑥)5

10
+ 𝐶. 

1271.∫
𝑑𝑥

√3−2𝑥
= ∫(√3 − 2𝑥)

−
1

2 𝑑𝑥 =
(3−2𝑥)−

1+2
2

2(
1+2

2
)

+ 𝐶 = −(3 − 2𝑥)
1

2 + 𝐶 =

 −√3 − 2𝑥 + 𝐶. 

1273. ∫
2𝑥−5

𝑥2−5𝑥+7
𝑑𝑥 =

1

2
∫

(2𝑥−5)`𝑑(2𝑥−5)

𝑥2−5𝑥+7
=  ln(𝑥2 − 5𝑥 + 7) + 𝐶. 

1275. ∫
𝑑𝑥

1−10𝑥
= −

1

10
ln|1 − 10𝑥| + 𝐶. 

1277. ∫ 𝑐𝑡𝑔𝑥𝑑𝑥 = ∫
𝑐𝑜𝑠𝑥𝑑𝑥

𝑠𝑖𝑛𝑥
= ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
= ln|𝑠𝑖𝑛𝑥| + 𝐶. 



1279. ∫
𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 =  ∫

𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 − ∫

𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 =

 ∫
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥 − ∫

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
𝑑𝑥 = ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
+ ∫

𝑑𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥
= ln|𝑠𝑖𝑛𝑥| + ln|𝑐𝑜𝑠𝑥| + 𝐶 =

ln|𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥| + 𝐶 =
1

2
ln|𝑠𝑖𝑛2𝑥| + 𝐶. 

1281. ∫
𝑐𝑜𝑠𝑥

1+2𝑠𝑖𝑛𝑥
𝑑𝑥 =

1

2
∫

𝑑(1+2𝑠𝑖𝑛𝑥)

1+2𝑠𝑖𝑛𝑥
=

1

2
ln|1 + 2𝑠𝑖𝑛𝑥|. 

1283. ∫ 𝑠𝑖𝑛2𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 = ∫ 𝑠𝑖𝑛2𝑥𝑑𝑠𝑖𝑛𝑥 =  
𝑠𝑖𝑛3𝑥

3
+ 𝐶. 

1285. ∫
𝑐𝑜𝑠𝑥 𝑑𝑥

𝑠𝑖𝑛4𝑥
= ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛4𝑥
= −

1 

3𝑠𝑖𝑛3𝑥
+ 𝐶. 

 



Mavzu: Ratsional funksiyalarni sodda ratsional kasrlarga ajratish. 

Ratsional funksiyalarni integrallash algoritmi. 

 

 



𝟏. ∫
𝟐𝒙+𝟑

𝒙𝟐+𝟑𝒙−𝟏𝟎
𝒅𝒙 = integralni hisoblang. 

Yechish: Bu integralni quyidagi uchta usulda yechimini topamiz; 

1. ∫
2𝑥+3

𝑥2+3𝑥−10
𝑑𝑥 = ∫

𝑑𝑥

(𝑥+5)
+ ∫

𝑑𝑥

(𝑥−2)
= ln(𝑥 − 5) + ln(𝑥 − 2) + 𝐶 =  

= ln((𝑥 + 5)(𝑥 − 2)) + 𝐶 = ln(𝑥2 + 3𝑥 − 10) + 𝐶. 
2𝑥 + 3

𝑥2 + 3𝑥 − 10
=

2𝑥 + 3

(𝑥 + 5)(𝑥 − 2)
=

𝐴

(𝑥 + 5)
+

𝐵

(𝑥 − 2)
 

2𝑥 + 3 = 𝐴𝑥 − 2𝐴 + 𝐵𝑥 + 5𝐵 = (𝐴 + 𝐵)𝑥 + (−2𝐴 + 5𝐵) 

{
𝐴 + 𝐵 = 2

−2𝐴 + 5𝐵 = 3
=> {

𝐴 = 2 − 𝐵
−2𝐵 + 5(2 − 𝐵) = 3

=> {
𝐴 = 2 − 𝐵
−7𝐵 = −7

 

Bundan A=1, B=1 hosil bo‘ladi. 

2.∫
2𝑥+3

𝑥2+3𝑥−10
𝑑𝑥 = ∫

2(𝑡−
3

2
)+3

𝑡2−
49

4

𝑑𝑡 = ∫
2𝑡

𝑡2−
49

4

𝑑𝑡 = ∫
𝑑(𝑡2−

49

4
)

𝑡2+
49

4

= ln (𝑡2 −
49

4
) + 𝐶 = 

= ln(𝑥2 + 3𝑥 − 10) + 𝐶. 

𝑥2 + 3𝑥 − 10 = (𝑥 +
3

2
)
2

−
49

4
 𝑑𝑒𝑏 𝑜𝑙𝑖𝑏, 𝑥 + 3𝑥 = 𝑡, 𝑑𝑥 = 𝑑𝑡. 

3.∫
2𝑥 + 3

𝑥2 + 3𝑥 − 10
𝑑𝑥 = ∫

𝑑(𝑥2 + 3𝑥 − 10)

𝑥2 + 3𝑥 − 10
= |𝑎𝑠𝑜𝑠: 𝑑(𝑥2 + 3𝑥 − 10) = (2𝑥 + 3)𝑑𝑥|

= ln(𝑥2 + 3𝑥 − 10) + 𝐶. 

𝐽𝑎𝑣𝑜𝑏: ln(𝑥2 + 3𝑥 − 10) + 𝐶. 

𝟐.∫
𝒙𝟓𝒅𝒙

𝒙𝟐 + 𝟓𝒙 + 𝟔
 𝒏𝒐𝒕𝒐‘𝒈‘𝒓𝒊 𝒌𝒂𝒔𝒓𝒍𝒊 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍𝒏𝒊 𝒉𝒊𝒔𝒐𝒃𝒍𝒂𝒎𝒊𝒛. 

𝒀𝒆𝒄𝒉𝒊𝒔𝒉: Kasrni suratini maxrajiga bo‘lish orqali amalga oshiramiz. 

∫
𝑥5𝑑𝑥

𝑥2 + 5𝑥 + 6
= ∫(𝑥3 − 5𝑥2 + 19𝑥 − 65 +

439𝑥 + 390

𝑥2 + 5𝑥 + 6
)𝑑𝑥 = 

=
𝑥4

4
−
5𝑥3

3
+
19𝑥2

2
− 65𝑥 + ∫(

927

𝑥 + 3
−
488

𝑥 + 2
)𝑑𝑥 = 

=
𝑥4

4
−
5𝑥3

3
+
19𝑥2

2
− 65𝑥 + ln

(𝑥 + 3)927

(𝑥 + 2)488
+ 𝐶. 

Javob: 
𝑥4

4
−
5𝑥3

3
+
19𝑥2

2
− 65𝑥 + ln

(𝑥+3)927

(𝑥+2)488
+ 𝐶. 

3. ∫
𝟐𝒙𝟐+𝟓𝒙+𝟓

(𝒙𝟐−𝟏)(𝒙+𝟐)
𝒅𝒙 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍𝒏𝒊 𝒉𝒊𝒔𝒐𝒃𝒍𝒂𝒏𝒈. 

𝒀𝒆𝒄𝒉𝒊𝒔𝒉: (𝑥2 − 1)(𝑥 + 2) = (𝑥 − 1)(𝑥 + 1)(𝑥 + 2). 
2𝑥2 + 5𝑥 + 5

(𝑥2 − 1)(𝑥 + 2)
=

𝐴

𝑥 − 1
+

𝐵

𝑥 + 1
+

𝐶

𝑥 + 2
=
(𝐴 + 𝐵)𝑥2 + (3𝐴 + 𝐵)𝑥 + (2𝐴 − 2𝐵 − 𝐶

(𝑥2 − 1)(𝑥 + 2)
 

{
𝐴 + 𝐵 = 2
3𝐴 − 𝐵 = 5

2𝐴 − 2𝐵 − 𝐶 = 5
=> 𝐴 = 2,𝐵 = −1, 𝐶 = 1. 



∫
2𝑥2 + 5𝑥 + 5

(𝑥2 − 1)(𝑥 + 2)
𝑑𝑥 = ∫(

2

𝑥 − 1
−

1

𝑥 + 1
+

1

𝑥 + 2
)𝑑𝑥 = 

= 2ln|𝑥 − 1| − ln|𝑥 + 1| + ln|𝑥 + 2| + 𝐶 = ln |
(𝑥 − 1)2(𝑥 + 2)

(𝑥 + 1)
| + 𝐶. 

Javob: ln |
(𝑥−1)2(𝑥+2)

(𝑥+1)
| + 𝐶. 

4. ∫
𝑑𝑥

(𝑥+1)(𝑥+7
 integralni hisoblang. 

Yechish: A va B noma’lum koeffitsientlarni topamiz.  

1

(𝑥 + 1)(𝑥 + 7)
=

𝐴

𝑥 + 1
+

𝐵

𝑥 + 7
=
𝐴𝑥 + 7𝐴 + 𝐵𝑥 + 𝐵

(𝑥 + 1)(𝑥 + 7)
 

 

1 = (𝐴 + 𝐵)𝑥 + (7𝐴 + 𝐵) 

{
𝐴 + 𝐵 = 0
7𝐴 + 𝐵 = 1

=> 𝐴 =
1

6
, 𝐵 = −

1

6
 𝑔𝑎 𝑒𝑔𝑎 𝑏𝑜`𝑙𝑎𝑚𝑖𝑧. 

∫
𝑑𝑥

(𝑥 + 1)(𝑥 + 7
=
1

6
∫

𝑑𝑥

𝑥 + 1
−
1

6
∫

𝑑𝑥

𝑥 + 7
=
1

6
ln|𝑥 + 1| −

1

6
ln|𝑥 + 7| + 𝐶 = 

=
1

6
ln |
𝑥 + 1

𝑥 + 7
| + 𝐶. 

Javob: 
1

6
ln |

𝑥+1

𝑥+7
| + 𝐶. 

5. ∫
𝟑𝒙𝟐−𝟓𝒙+𝟏

(𝒙−𝟐)𝟐(𝒙+𝟐)𝟐
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙𝑛𝑖 ℎ𝑖𝑠𝑜𝑏𝑙𝑎𝑛𝑔. 

Yechish: To‘g‘ri kasrni sodda kasrlar yig‘indis ko‘rinishida yozamiz: 

3𝑥2 − 5𝑥 + 1

(𝑥 − 2)2(𝑥 + 2)2
=

𝐴

𝑥 − 2
+

𝐵

(𝑥 − 2)2
+

𝐶

𝑥 + 2
+

𝐷

(𝑥 + 2)2
 

 

3𝑥3 − 5𝑥 + 1 = 𝐴(𝑥 + 2)2(𝑥 − 2) + 𝐵(𝑥 + 2)2 + 𝐶(𝑥 − 2)2(𝑥 + 2) + 𝐷(𝑥 − 2)2 

{
 

 
𝑥 = 2 𝑑𝑎 15 = 16𝐵

𝑥 = −2 𝑑𝑎 13 = 16𝐷
𝑥3 𝑑𝑎 3 = 𝐴 + 𝐶

𝑥2 𝑑𝑎 0 = 2𝐴 + 𝐵 − 2𝐶 + 𝐷

=> 𝐵 =
15

16
, 𝐷 =

13

16
, 𝐴 =

47

8
, 𝐶 = −

23

8
.  

 

∫
3𝑥2−5𝑥+1

(𝑥−2)2(𝑥+2)2
= ∫(

47

8

𝑥−2
+

15

16

(𝑥−2)2
−

23

8

𝑥+2
+

13

16

(𝑥+2)2
)𝑑𝑥 =

47

8
ln|𝑥 − 2| −  

 

−
23

8
ln|𝑥 + 2| −

15

16(𝑥 − 2)
−

13

16(𝑥 + 2)
+ 𝐶. 

 

Javob: 
47

8
ln|𝑥 − 2|

23

8
ln|𝑥 + 2| −

15

16(𝑥−2)
−

13

16(𝑥+2)
+ 𝐶 



Integrallarni hisoblang. 

 

∫
𝑨

𝒙 − 𝒂
𝒅𝒙 = 𝑨 𝐥𝐧|𝒙 − 𝒂| + 𝑪. 

 

1431.∫
𝑥3

𝑥−2
𝑑𝑥 = ∫(𝑥2 + 2𝑥 + 4 +

8

𝑥−2
)𝑑𝑥 =

𝑥3

3
+ 𝑥2 + 4𝑥 + 8 ln|𝑥 − 2| + 𝐶. 

 

1433. ∫
𝑥5

𝑥3+𝑎3
𝑑𝑥 = ∫(𝑥2 +

𝑎3𝑥2

𝑥3+𝑎3
) 𝑑𝑥 = ∫𝑥2𝑑𝑥 + 𝑎3 ∫

𝑥2

𝑥3+𝑎3
𝑑𝑥 = 

=
𝑥3

3
+
𝑎3

3
∫
𝑑(𝑥3 + 𝑎3)

𝑥3 + 𝑎3
+ 𝐶 =

𝑥3

3
+
𝑎3

3
ln|𝑥3 + 𝑎3| + 𝐶. 

 

1435. ∫
2𝑥+7

𝑥2+𝑥−2
𝑑𝑥 = ∫

2𝑥+7

(𝑥+2)(𝑥−1)
𝑑𝑥 = ∫

𝐴

𝑥−1
𝑑𝑥 + ∫

𝐵

𝑥+2
𝑑𝑥 =  3 ∫

𝑑𝑥

𝑥−1
 

−∫
𝑑𝑥

𝑥 + 2
= 3 ln|𝑥 − 1| − ln|𝑥 + 2| + 𝐶 = ln |

(𝑥 − 1)3

𝑥 + 2
| + 𝐶. 

 

1437. ∫
(𝑥+1)3

𝑥2−𝑥
𝑑𝑥 = ∫

𝑥3+3𝑥2+3𝑥+3

𝑥2−𝑥
𝑑𝑥 = ∫(𝑥 + 4 +

7𝑥+1

𝑥(𝑥−1)
) = 

∫𝑥𝑑𝑥 + 4∫𝑑𝑥 + ∫
7𝑥 + 1

(𝑥 − 1)𝑥
=
𝑥2

2
+ 4𝑥 + 8∫

𝑑𝑥

𝑥 − 1
− ∫

𝑑𝑥

𝑥
= 

=
𝑥2

2
+ 4𝑥 + (8 ln|𝑥 − 1| − ln|𝑥|) + 𝐶 =

𝑥2

2
+ 4𝑥 + ln |

(𝑥 − 1)8

𝑥
| + 𝐶. 

 

1441. ∫
5𝑥−1

𝑥3−3𝑥−2
𝑑𝑥 = ∫

𝑑𝑥

𝑥−2
− ∫

𝑑𝑥

𝑥+1
+ ∫

2𝑑𝑥

(𝑥+1)2
= ln|𝑥 − 2| − ln|𝑥 + 1| −

2

𝑥+1
+ 𝐶. 

 

5𝑥 − 1

𝑥3 − 3𝑥 − 2
=

𝐴

𝑥 − 2
+

𝐵

𝑥 + 1
+

𝐶

(𝑥 + 1)2
 

 

5𝑥 − 1

𝑥3 − 3𝑥 − 2
=
𝐴(𝑥 + 1)(𝑥 + 1)2 + 𝐵(𝑥 − 2)(𝑥 + 1)2 + 𝐶(𝑥 − 2)(𝑥 + 1)

𝑥3 − 3𝑥 − 2
 

 

𝐴 = 1,    𝐵 = −1, 𝐶 = 2. 

1443. ∫
4𝑥−2,4

𝑥2−0,2𝑥+0,17
𝑑𝑥 = ∫

4𝑥−
12

5

𝑥2−
1

5
𝑥+

17

100

𝑑𝑥 = ∫
20𝑥−12

5

100𝑥2−20𝑥+17

100

𝑑𝑥 = ∫
(20𝑥−12)×20

100𝑥2−20𝑥+17
𝑑𝑥 = 

 

∫
400𝑥 − 240

100𝑥2 − 20𝑥 + 17
𝑑𝑥 = ∫

2(200𝑥 − 20) − 200

100𝑥2 − 20𝑥 + 17
𝑑𝑥 = ∫

2(200𝑥 − 20)

100𝑥2 − 20𝑥 + 17
𝑑𝑥 − 

 

∫
200

100𝑥2 − 20𝑥 + 17
𝑑𝑥 = 2∫

𝑑(100𝑥2 − 20𝑥 + 17)

100𝑥2 − 20𝑥 + 17
−
200

100
∫

𝑑𝑥

(𝑥2 −
1
5
𝑥 +

1
100

+
4
25
)
 



=2 ln|100𝑥2 − 20𝑥 + 17| − 5𝑎𝑟𝑐𝑡𝑔 (
10𝑥−1

4
). 

 

200

100
∫

𝑑𝑥

(𝑥2 −
1
5
𝑥 +

1
100

+
4
25
)
= 2∫

𝑑𝑥

((𝑥 −
1
10
)
2

+
4
25
)

= 2∫
𝑑𝑥

𝑡2 + (
2
5
)
2 = 

 

= 2 ∙
1

2
5

𝑎𝑟𝑐𝑡𝑔 (
𝑡

2
5

) = 5𝑎𝑟𝑐𝑡𝑔 (
𝑥 −

1
10
2
5

) = 5𝑎𝑟𝑐𝑡𝑔 (

10𝑥 − 1
10
2
5

) = 5𝑎𝑟𝑐𝑡𝑔 (
10𝑥 − 1

4
). 

 

𝑥 −
1

10
= 𝑡 𝑑𝑒𝑏 𝑜𝑙𝑠𝑎𝑘. 

𝐽𝑎𝑣𝑜𝑏: 2 ln|100𝑥2 − 20𝑥 + 17| − 5𝑎𝑟𝑐𝑡𝑔 (
10𝑥−1

4
). 



7-amaliy mavzuga: Ikki o‘zgaruvchili ratsional funksiyalar. 

Trigonometrik funksiyalarni integrallash. 

 



1-misol: ∫ 𝑐𝑜𝑠5𝑥𝑠𝑖𝑛𝑥𝑑𝑥 = |𝑡 = 𝑐𝑜𝑠𝑥, 𝑑𝑥 =
1

𝑡` 𝑑𝑡, 𝑡` = −𝑠𝑖𝑛𝑥| = 

= ∫ 𝑡5 𝑠𝑖𝑛𝑥 (−
1

𝑠𝑖𝑛𝑥
) 𝑑𝑡 = − ∫ 𝑡5𝑑𝑡 = −

𝑡6

6
+ 𝐶 = −

𝑐𝑜𝑠6𝑥

6
+ 𝐶. 

Javob:−
𝒄𝒐𝒔𝟔𝒙

𝟔
+ 𝑪. 

2-misol: ∫ 𝑠𝑖𝑛3𝑥 𝑑𝑥 = ∫ 𝑠𝑖𝑛2𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 = ∫(1 − 𝑐𝑜𝑠2𝑥)𝑠𝑖𝑛𝑥𝑑𝑥 = 

= |𝑡 = 𝑐𝑜𝑠𝑥, 𝑑𝑥 =
1

𝑡`
𝑑𝑡, 𝑡` = −𝑠𝑖𝑛𝑥| = ∫(1 − 𝑡2)𝑠𝑖𝑛𝑥 (−

1

𝑠𝑖𝑛𝑥
) 𝑑𝑡 = 

= − ∫(1 − 𝑡2)𝑑𝑡 = ∫ 𝑡2𝑑𝑡 − ∫ 𝑑𝑡 =
𝑡3

3
− 𝑡 + 𝐶 =

𝑡3 − 3𝑡

3
+ 𝐶 = 

=
𝑐𝑜𝑠3𝑥−3𝑐𝑜𝑠𝑥

3
+ 𝐶.                                            Javob: 

𝒄𝒐𝒔𝟑𝒙−𝟑𝒄𝒐𝒔𝒙

𝟑
+ 𝑪. 

3-misol: ∫ 𝑐𝑜𝑠24𝑥 𝑑𝑥 = ∫ (√
1+cos2 (4𝑥)

2
)

2

𝑑𝑥 = ∫ (
1+𝑐𝑜𝑠8𝑥

2
) 𝑑𝑥 = 

= ∫ (
1

2
−

𝑐𝑜𝑠8𝑥

2
) 𝑑𝑥 =

𝑥

2
−

𝑠𝑖𝑛8𝑥

8 ∙ 2
+ 𝐶 =

𝑥

2
−

𝑠𝑖𝑛8𝑥

16
+ 𝐶. 

Javob: 
𝒙

𝟐
−

𝒔𝒊𝒏𝟖𝒙

𝟏𝟔
+ 𝑪. 

4-misol: ∫
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠3𝑥
 𝑑𝑥 = |𝑡 = 𝑐𝑜𝑠𝑥,

𝑑𝑡

−1
=

−𝑠𝑖𝑛𝑥

−1
𝑑𝑥, −𝑑𝑡 = 𝑠𝑖𝑛𝑥𝑑𝑥| = 

= ∫
−𝑑𝑡

(𝑡)3
= − ∫ 𝑡−3 𝑑𝑡 = −

𝑡−2

−2
+ 𝐶 =

1

2𝑡2
+ 𝐶 =

1

2𝑐𝑜𝑠2𝑥
+ 𝐶. 

Javob: 
𝟏

𝟐𝒄𝒐𝒔𝟐𝒙
+ 𝑪. 

Integral ostidagi ifodani sodda qo‘shiluvchilar yig‘indisi ko‘rinishiga 

keltirib integrallashga yoyib integrallash usuli deyiladi. 

Integrallarni toping: 

1245.∫
𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 − ∫

𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥∙𝑠𝑖𝑛2𝑥
𝑑𝑥 =

∫
𝑑𝑥

𝑠𝑖𝑛2𝑥
− ∫

𝑑𝑥

𝑐𝑜𝑠2𝑥
= −𝑐𝑡𝑔𝑥 − 𝑡𝑔𝑥 + 𝐶. 

 

1247.∫
𝑑𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
= ∫

𝑠𝑖𝑛2𝑥+𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫

𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 + ∫

𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥
𝑑𝑥 =

 ∫
𝑑𝑥

𝑐𝑜𝑠2𝑥
+ ∫

𝑑𝑥

𝑠𝑖𝑛2𝑥
= 𝑡𝑔𝑥 − 𝑐𝑡𝑔𝑥 + 𝐶. 



 

1249.  ∫ 𝑠𝑖𝑛2 𝑥

2
= ∫ (√

1−𝑐𝑜𝑠𝑥

2
)

2

𝑑𝑥 = ∫
1−𝑐𝑜𝑠𝑥

2
𝑑𝑥 =

1

2
∫ 𝑑𝑥 −

1

2
∫ 𝑐𝑜𝑠𝑥𝑑𝑥 =

𝑥

2
−

𝑠𝑖𝑛𝑥

2
+ 𝐶. 

 

1259.∫ 𝑒𝑥 (1 +
𝑒−𝑥

𝑐𝑜𝑠2𝑥
) 𝑑𝑥 = ∫ (𝑒𝑥 +

1

𝑐𝑜𝑠2𝑥
) 𝑑𝑥 = ∫ 𝑒𝑥 𝑑𝑥 + ∫

𝑑𝑥

𝑐𝑜𝑠2𝑥
= 𝑒𝑥 + 𝑡𝑔𝑥 + 𝐶. 

 

1261. ∫
1−𝑠𝑖𝑛3𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑑𝑥

𝑠𝑖𝑛2𝑥
− ∫ 𝑠𝑖𝑛𝑥𝑑𝑥 = −𝑐𝑡𝑔𝑥 + 𝑐𝑜𝑠𝑥 + 𝐶. 

Bevosita integrallash va o‘rniga qo‘yish usullari: 

1263. ∫ 𝑐𝑜𝑠3𝑥𝑑𝑥 =
1

3
𝑠𝑖𝑛3𝑥 + 𝐶. 

 

1277. ∫ 𝑐𝑡𝑔𝑥𝑑𝑥 = ∫
𝑐𝑜𝑠𝑥𝑑𝑥

𝑠𝑖𝑛𝑥
= ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
= ln|𝑠𝑖𝑛𝑥| + 𝐶. 

 

1279.∫
𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 =  ∫

𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 − ∫

𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 
𝑑𝑥 =

 ∫
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥 − ∫

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
𝑑𝑥 = ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
+ ∫

𝑑𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥
= 𝑙𝑛|𝑠𝑖𝑛𝑥| + 𝑙𝑛|𝑐𝑜𝑠𝑥| + 𝐶 =

𝑙𝑛|𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥| + 𝐶 =
1

2
𝑙𝑛|𝑠𝑖𝑛2𝑥| + 𝐶. 

 

1281. ∫
𝑐𝑜𝑠𝑥

1+2𝑠𝑖𝑛𝑥
𝑑𝑥 =

1

2
∫

𝑑(1+2𝑠𝑖𝑛𝑥)

1+2𝑠𝑖𝑛𝑥
=

1

2
ln|1 + 2𝑠𝑖𝑛𝑥|. 

1283. ∫ 𝑠𝑖𝑛2𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 = ∫ 𝑠𝑖𝑛2𝑥𝑑𝑠𝑖𝑛𝑥 =  
𝑠𝑖𝑛3𝑥

3
+ 𝐶. 

 

1285. ∫
𝑐𝑜𝑠𝑥 𝑑𝑥

𝑠𝑖𝑛4𝑥
= ∫

𝑑𝑠𝑖𝑛𝑥

𝑠𝑖𝑛4𝑥
= −

1 

3𝑠𝑖𝑛3𝑥
+ 𝐶. 

 

1391. ∫(1 + 2𝑐𝑜𝑠𝑥)2𝑑𝑥 = ∫(1 + 4𝑐𝑜𝑠𝑥 + 4𝑐𝑜𝑠2𝑥)𝑑𝑥 = ∫ 𝑑𝑥 + 4 ∫ 𝑐𝑜𝑠𝑥𝑑𝑥  

+4 ∫ 𝑐𝑜𝑠2𝑥𝑑𝑥 = 𝑥 + 4𝑠𝑖𝑛𝑥 + 4 ∫ (
1 + 𝑐𝑜𝑠2𝑥

2
) 𝑑𝑥 = 𝑥 + 4𝑠𝑖𝑛𝑥 +

4

2
𝑥 + 

4

2 ∙ 2
𝑠𝑖𝑛2𝑥 + 𝐶 = 3𝑥 + 4𝑠𝑖𝑛𝑥 + 𝑠𝑖𝑛2𝑥 + 𝐶. 



 

1393. ∫ 𝑐𝑜𝑠4𝑥𝑑𝑥 = ∫(𝑐𝑜𝑠2𝑥)2 𝑑𝑥 = ∫ (
1+𝑐𝑜𝑠2𝑥

2
)

2
𝑑𝑥 = ∫

(1+𝑐𝑜𝑠2𝑥)2

4
𝑑𝑥 = 

∫
1 + 2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠22𝑥

4
𝑑𝑥 =

1

4
∫(1 + 2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠22𝑥) 𝑑𝑥 =

1

4
∫ 𝑑𝑥 + 

2

4
∫ 𝑐𝑜𝑠2𝑥𝑑𝑥 +

1

4
∫ 𝑐𝑜𝑠2 2𝑥𝑑𝑥 =

𝑥

4
+

𝑠𝑖𝑛2𝑥

2 ∙ 2
+

1

4
∫ (

1 + 𝑐𝑜𝑠4𝑥

2
) 𝑑𝑥 =

𝑥

4
+ 

𝑠𝑖𝑛2𝑥

4
+

1

4
∙

1

2
∫ 𝑑𝑥 +

1

4
∙

1

2
∫ 𝑐𝑜𝑠4𝑥𝑑𝑥 =

𝑥

4
+

𝑠𝑖𝑛2𝑥

4
+

𝑥

8
+

1

8
∙

1

4
𝑠𝑖𝑛4𝑥 + 𝐶 = 

=
3𝑥

8
+

𝑠𝑖𝑛2𝑥

4
+

𝑠𝑖𝑛4𝑥

32
+ 𝐶. 

1395. ∫ 𝑠𝑖𝑛4𝑥 𝑐𝑜𝑠4𝑥𝑑𝑥 = ∫(𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥)4 𝑑𝑥 = ∫ (
𝑠𝑖𝑛2𝑥

2
)

4
𝑑𝑥 =

1

16
∫(𝑠𝑖𝑛22𝑥)2 𝑑𝑥 = 

1

16
∫ (

1 − 𝑐𝑜𝑠4𝑥

2
)

2

𝑑𝑥 =
1

16 ∙ 4
∫(1 − 𝑐𝑜𝑠4𝑥)2𝑑𝑥 =

1

64
∫(1 − 2𝑐𝑜𝑠4𝑥 + 𝑐𝑜𝑠24𝑥)𝑑𝑥 = 

1

64
(∫ 𝑑𝑥 − 2 ∫ 𝑐𝑜𝑠4𝑥 + ∫ (

1+𝑐𝑜𝑠8𝑥

2
) 𝑑𝑥) =

1

64
(𝑥 −

2 𝑠𝑖𝑛4𝑥

4
+

1

2
∫ 𝑑𝑥 +

1

2
∫ 𝑐𝑜𝑠8𝑥𝑑𝑥)= 

1

64
(𝑥 −

𝑠𝑖𝑛4𝑥

2
+

𝑥

2
+

𝑠𝑖𝑛8𝑥

16
) =

3𝑥

128
−

𝑠𝑖𝑛4𝑥

128
+

𝑠𝑖𝑛8𝑥

1024
+ 𝐶. 

 

1397. ∫ 𝑠𝑖𝑛5𝑥𝑑𝑥 = ∫ 𝑠𝑖𝑛4 𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 = |𝑡 = 𝑐𝑜𝑠𝑥, 𝑑𝑥 =
1

𝑡` 𝑑𝑡, 𝑡` = −𝑠𝑖𝑛𝑥| = 

∫ 𝑠𝑖𝑛4𝑥 𝑠𝑖𝑛𝑥 ∙
1

−𝑠𝑖𝑛𝑥
𝑑𝑡 = ∫ −(𝑠𝑖𝑛2𝑥)2𝑑𝑡 = ∫ −(1 − 𝑐𝑜𝑠2𝑥)2𝑑𝑡 = 

∫ −(1 − 2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠4𝑥)𝑑𝑡 = ∫ −(1 − 2𝑡2 + 𝑡4) 𝑑𝑡 = ∫(−1 + 2𝑡2 − 𝑡4)𝑑𝑡 = 

−𝑡 +
2𝑡3

3
−

𝑡5

5
= −𝑐𝑜𝑠𝑥 +

2𝑐𝑜𝑠3𝑥

3
−

𝑐𝑜𝑠5𝑥

5
+ 𝐶. 

 

1399. ∫ 𝑠𝑖𝑛3𝑥𝑐𝑜𝑠3 𝑥𝑑𝑥 = |𝑡 = 𝑠𝑖𝑛𝑥, 𝑑𝑥 =
1

𝑡`
𝑑𝑡, 𝑡` = 𝑐𝑜𝑠𝑥| = ∫ 𝑠𝑖𝑛3𝑥𝑐𝑜𝑠3𝑥

1

𝑐𝑜𝑠𝑥
𝑑𝑡 = 

∫ 𝑠𝑖𝑛3𝑥𝑐𝑜𝑠2𝑥𝑑𝑡 = ∫ 𝑠𝑖𝑛3𝑥(1 − 𝑠𝑖𝑛2𝑥) 𝑑𝑡 = ∫(𝑠𝑖𝑛3𝑥 − 𝑠𝑖𝑛5𝑥)𝑑𝑡 = ∫(𝑡3 − 𝑡5)𝑑𝑡 = 

𝑡4

4
−

𝑡6

6
=

𝑠𝑖𝑛4𝑥

4
−

𝑠𝑖𝑛6𝑥

6
+ 𝐶. 

 



1401. ∫(1 + 2𝑐𝑜𝑠𝑥)3 𝑑𝑥 = ∫(1 + 6𝑐𝑜𝑠𝑥 + 12𝑐𝑜𝑠2𝑥 + 8𝑐𝑜𝑠3𝑥) 𝑑𝑥 = 

∫ 𝑑𝑥 + 6 ∫ 𝑐𝑜𝑠𝑥𝑑𝑥 + 12 ∫ 𝑐𝑜𝑠2𝑥𝑑𝑥 + 8 ∫ 𝑐𝑜𝑠3𝑥𝑑𝑥 = 𝑥 + 6𝑠𝑖𝑛𝑥 + 

12 ∫ (
1 − 𝑐𝑜𝑠2𝑥

2
) 𝑑𝑥 + 8 ∫ 𝑐𝑜𝑠2𝑥 𝑐𝑜𝑠𝑥𝑑𝑥 = |𝑡 = 𝑠𝑖𝑛𝑥, 𝑑𝑥 =

1

𝑡`
𝑑𝑡, 𝑡` = 𝑐𝑜𝑠𝑥| = 

𝑥 + 6𝑠𝑖𝑛𝑥 +
12𝑥

2
−

12𝑠𝑖𝑛2𝑥

2 ∙ 2
+ 8 ∫ 𝑐𝑜𝑠2𝑥 𝑐𝑜𝑠𝑥 ∙

1

𝑐𝑜𝑠𝑥
𝑑𝑡 = 𝑥 + 6𝑠𝑖𝑛𝑥 + 6𝑥 

−3𝑠𝑖𝑛2𝑥 + 8 ∫ 𝑐𝑜𝑠2𝑥𝑑𝑡 = 7𝑥 + 6𝑠𝑖𝑛𝑥 − 3𝑠𝑖𝑛2𝑥 + 8𝑠𝑖𝑛𝑥 −
8𝑠𝑖𝑛3𝑥

3
= 

= 7𝑥 + 14𝑠𝑖𝑛𝑥 − 3𝑠𝑖𝑛2𝑥 −
8𝑠𝑖𝑛3𝑥

3
+ 𝐶. 

Oxirgi integralni quyidagicha yechimi topiladi. 

8 ∫ 𝑐𝑜𝑠2𝑥𝑑𝑡 = 8 ∫(1 − 𝑠𝑖𝑛2𝑥) 𝑑𝑡 = 8 ∫(1 − 𝑡2) 𝑑𝑡 = 8 (∫ 𝑑𝑡 − ∫ 𝑡2𝑑𝑡) = 

8 (𝑡 −
𝑡3

3
) = 8 (𝑠𝑖𝑛𝑥 −

𝑠𝑖𝑛3𝑥

3
) = 8𝑠𝑖𝑛𝑥 −

8𝑠𝑖𝑛3𝑥

3
+ 𝐶. 

 

1403. ∫
𝑠𝑖𝑛3𝑥 𝑑𝑥

𝑐𝑜𝑠2𝑥
= |𝑡 = 𝑐𝑜𝑠𝑥, 𝑑𝑥 =

1

𝑡` 𝑑𝑡, 𝑡` = −𝑠𝑖𝑛𝑥| = ∫
𝑠𝑖𝑛3𝑥

𝑐𝑜𝑠2𝑥
∙

1

(−𝑠𝑖𝑛𝑥)
𝑑𝑡 = 

∫ −
𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑡 = − ∫

(1 − 𝑐𝑜𝑠2𝑥)

𝑐𝑜𝑠2𝑥
𝑑𝑡 = − ∫ (

1 − 𝑡2

𝑡2
) 𝑑𝑡 = − ∫ 𝑡−2 𝑑𝑡 + ∫ 𝑑𝑡 = 

−
𝑡−2+1

−2 + 1
+ 𝑡 =

1

𝑡
+ 𝑡 =

1

𝑐𝑜𝑠𝑥
+ 𝑐𝑜𝑠𝑥 + 𝐶. 

1405. ∫
𝑑𝑥

𝑠𝑖𝑛𝑥
= ∫ (

1

𝑠𝑖𝑛𝑥
∙

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
) 𝑑𝑥 = ∫

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫ (

𝑠𝑖𝑛𝑥

1−𝑐𝑜𝑠2𝑥
) 𝑑𝑥 = 

|𝑡 = 𝑐𝑜𝑠𝑥, 𝑑𝑥 =
1

𝑡`
𝑑𝑡, 𝑡` = −𝑠𝑖𝑛𝑥| = − ∫

𝑑𝑡

1 − 𝑡2
= −

1

2
ln |

1 + 𝑡

1 − 𝑡
| = 

1

2
ln |

1 − 𝑡

1 + 𝑡
| =

1

2
ln |

1 − 𝑐𝑜𝑠𝑥

1 + 𝑐𝑜𝑠𝑥
| + 𝐶 = ln |√

1 − 𝑐𝑜𝑠𝑥

1 + 𝑐𝑜𝑠𝑥
| + 𝐶 = ln |𝑡𝑔

𝑥

2
| + 𝐶. 

1407. ∫
𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫ (

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛2𝑥
+

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛2𝑥
) 𝑑𝑥 = ∫ (

𝑐𝑜𝑠𝑥

2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
+

𝑠𝑖𝑛𝑥

2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
) 𝑑𝑥 



=∫ (
1

2𝑠𝑖𝑛𝑥
+

1

2𝑐𝑜𝑠𝑥
) 𝑑𝑥 =

1

2
(∫

𝑑𝑥

𝑠𝑖𝑛𝑥
+ ∫

𝑑𝑥

𝑐𝑜𝑠𝑥
) =

1

2
(∫ (

𝑠𝑖𝑛𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥) + ∫ (

𝑐𝑜𝑠𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥)) = 

1

2
(

1

2
ln |

1 − 𝑐𝑜𝑠𝑥

1 + 𝑐𝑜𝑠𝑥
| +

1

2
ln |

1 + 𝑠𝑖𝑛𝑥

1 − 𝑠𝑖𝑛𝑥
|) =

1

2
ln |𝑡𝑔

𝑥

2
| +

1

4
ln |

1 + 𝑠𝑖𝑛𝑥

1 − 𝑠𝑖𝑛𝑥
| + 𝐶 

 

1) ∫ (
𝑠𝑖𝑛𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥) = ∫

𝑠𝑖𝑛𝑥

1−𝑐𝑜𝑠2𝑥
𝑑𝑥 = |𝑡 = 𝑐𝑜𝑠𝑥, 𝑑𝑥 =

1

𝑡` 𝑑𝑡, 𝑡` = −𝑠𝑖𝑛𝑥| = 

∫
𝑠𝑖𝑛𝑥

1 − 𝑐𝑜𝑠2𝑥
∙

1

(−𝑠𝑖𝑛𝑥)
𝑑𝑡 = − ∫

𝑑𝑡

1 − 𝑡2
=

1

2
ln |

1 − 𝑡

1 + 𝑡
| =

1

2
ln |

1 − 𝑐𝑜𝑠𝑥

1 + 𝑐𝑜𝑠𝑥
| + 𝐶. 

 

2) ∫ (
𝑐𝑜𝑠𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥) = ∫

𝑐𝑜𝑠𝑥

1−𝑠𝑖𝑛2𝑥
𝑑𝑥 = |𝑡 = 𝑠𝑖𝑛𝑥, 𝑑𝑥 =

1

𝑡`
𝑑𝑡, 𝑡` = 𝑐𝑜𝑠𝑥| = ∫

𝑐𝑜𝑠𝑥

1−𝑠𝑖𝑛2𝑥
∙

1

𝑐𝑜𝑠𝑥
𝑑𝑡 = 

∫
1

1 − 𝑠𝑖𝑛2𝑥
𝑑𝑡 = ∫

𝑑𝑡

1 − 𝑡2
=

1

2
ln |

1 + 𝑡

1 − 𝑡
| =

1

2
ln |

1 + 𝑠𝑖𝑛𝑥

1 − 𝑠𝑖𝑛𝑥
| + 𝐶. 

 



9- Mavzu” ANIQ INTEGHRAL. 

 

 

 



 

 

 



 

 



 



 

 



 



 

 

 



Mavzu: Xosmas integrallar. Chegaralari cheksiz xosmas integrallar. 

 

 

 Xosmas integrallar 

∫ 𝑓(𝑥)𝑑𝑥 = lim
𝑡→+∞

𝐹(𝑡)

+∞

𝑎

= lim
𝑡→+∞

∫ 𝑓(𝑥)

𝑡

𝑎

𝑑𝑥. 

1. Xosmas integralni hisoblang. 

∫ 𝑒−𝑥

+∞

0

𝑑𝑥 = lim
𝑏→+∞

∫ 𝑒−𝑥𝑑𝑥 = lim
𝑏→+∞

(𝑒−𝑥) |
𝑏

0

𝑏

0

= − lim
𝑏→+∞

(𝑒−𝑥) |
𝑏

0
= 

= − lim
𝑏→+∞

𝑒−𝑏 + lim
𝑏→+∞

𝑒0 = − lim
𝑏→+∞

1

𝑒𝑏
+ 1 = 0 + 1 = 1. 



      2. Xosmas integralni hisoblang. 

∫
𝑑𝑥

1 + 𝑥2

+∞

−∞

= ∫
𝑑𝑥

1 + 𝑥2

0

−∞

+ ∫
𝑑𝑥

1 + 𝑥2
= lim

𝑎→−∞
∫

𝑑𝑥

1 + 𝑥2
+ lim

𝑏→+∞
∫

𝑑𝑥

1 + 𝑥2

𝑏

0

0

𝑎

+∞

0

= 

= lim
𝑎→−∞

𝑎𝑟𝑐𝑡𝑔 |
0

𝑎
+ lim

𝑏→+∞
𝑎𝑟𝑐𝑡𝑔𝑥 |

𝑏

0
= lim

𝑎→−∞
(𝑎𝑟𝑐𝑡𝑔 − 𝑎𝑟𝑐𝑡𝑔𝑎) + 

+ lim
𝑏→+∞

(𝑎𝑟𝑐𝑡𝑔𝑏 − 𝑎𝑟𝑐𝑡𝑔0) = − lim
𝑎→−∞

𝑎𝑟𝑐𝑡𝑔𝑎 + lim
𝑏→+∞

𝑎𝑟𝑐𝑡𝑔𝑏 = 

= −𝑎𝑟𝑐𝑡𝑔(−∞) + 𝑎𝑟𝑐𝑡𝑔(+∞) = − (
𝜋

2
) +

𝜋

2
=

𝜋

2
+

𝜋

2
= 𝜋. 

3. Xosmas integralni hisoblang. 

∫
𝑑𝑥

𝑥2 + 4

+∞

0

 

Xosmas integralning yaqinlashuvchiligini ko‘rsating va qiymatini toping. 

Yechish: 𝑓(𝑥) =
1

𝑥2+4
 funksiya har bir chekli [0, 𝐴] (𝐴 > 0) oraliqda 

integrallanuvchi. 

∫
𝑑𝑥

𝑥2 + 4

+∞

0

= lim
𝐴→+∞

(
1

2
𝑎𝑟𝑐𝑡𝑔

𝐴

2
−

1

2
𝑎𝑟𝑐𝑡𝑔

0

2
) = lim

𝐴→+∞
(

1

2
𝑎𝑟𝑐𝑡𝑔

𝐴

2
) =

1

2
∙

𝜋

2
=

𝜋

4
. 

      Demak, berilgan xosmas integral yaqinlashuvchi va 
𝜋

4
 qiymatga ega. 

4. Xosmas integralni hisoblang. 

∫
𝑑𝑥

𝑥2 + 4𝑥 + 9

+∞

−∞

 

       Xosmas integralning yaqinlashuvchiligini ko‘rsating va qiymatini toping. 

Yechish: Xosmas integralning ta’rifiga ko‘ra, 

 



 

5. Xosmas integralni hisoblang. 

∫ 𝑐𝑜𝑠4𝑥 𝑑𝑥

+∞

0

 

       Xosmas integralning yaqinlashuvchiligini ko‘rsating. 

Yechish: Xosmas integralning ta’rifiga ko‘ra, 

 
       Bu limit mavjud bo‘lmagani uchun berilgan xosmas integral uzoqlashuvchi 

bo‘ladi. 

 

 

 
 



8. Xosmas integralni hisoblang. 

∫ (
1

𝑥2 − 1
+

2

(𝑥 + 1)2
) 𝑑𝑥

+∞

2

 

 

      Demak, 1-xossaga asosan, berilgan integral 
2

3
+

1

2
𝑙𝑛3 ga teng bo‘ladi. 

 
 



11. Xosmas integralni hisoblang. 

∫
𝑎𝑟𝑐𝑐𝑡𝑔𝑥

𝑥2
𝑑𝑥

+∞

1

 

      Yechish: Berilgan xosmas integralga bo‘laklab integrallash formulasini 

qo‘llasak, 𝑢 = 𝑎𝑟𝑐𝑐𝑡𝑔𝑥, 𝑑𝑣 =
1

𝑥2 𝑑𝑥 deyilsa, u holda 𝑑𝑢 =
𝑑𝑥

1+𝑥2 , 𝑣 = −
1

𝑥2 

bo‘lib, quyidagiga ega bo‘lamiz: 

 

 



 



Mavzu: Xosmas integrallar. 

 

 

 



 

 

 



 



 

 



 

 



 

 



 



 



 

 



 

 



 



 

 


