1-Amaliy mavzuga: Kompleks son. Uning geometrik tasviri, moduli va
argumenti. Kompleks sonlar ustida amallar.

Hagigiy a sonini mavhum bi soniga qo‘shishdan a + bi kompleks
sonni hosil gilamiz. Demak, a + bi ifpdaga kompleks son deyiladi (
bundaa, b haqiqgiy sonlar, i esa mavhum birlik, a-kompleks sonning
haqiqiy qismi, bi- mavhum gismlari). Agar a, + byivaa, + b,i kompleks
sonlarda
a, = a,; b; = b, bo‘lsa, ular teng deyiladi.

Z = a + bi.
z=a+bi va z=a— bi komleks sonlar go‘shma kompleks sonlar
deyiladi. Haqgigiy va mavhum gismlarning ishoralari bilan farq giluvchi
ikkita z; = a+ bi va z, = —a — bi kompleks sonlar garama-garshi
komleks sonlar deyiladi.

Zz = x + yi ko‘rinishdagi son algebraik ko‘rinishdagi kompleks son
deyiladi. x = rcosgp; y =rsingp; bunda r —kompleks soni zni
tasvirlagan vektorning uzunligini ifodalaydi va unga z sonning moduli, ¢
burchak esa z ning argumenti deyiladi.

|z] = |x + yi| =7 =x? + y?

z=x+yi=> r(cosp + ising)
=y
1 — misol: Kompleks sonning moduli 3ga, argumenti ¢ = %ga teng
bo‘lsa, uning haqiqiy va mavhum qismlarini toping.
Yechilishi: x = rcos@ va y = rsing (1) formuladan foydalansak,
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X =rcosgp =3cos, =3 =—r,
o _3_7t_3\/2_3\/2
y =rsing =3sin, =3—=—r.

2—misol: z = i kompleks sonning argumentini toping.
Yechilishi: x =0; y=1r=1; ¢ = %

— rsing = 3si T 3\/7 _ 3v2
y =rsing =3sin, =3—-=—r.

3—misol: z; =2+5i vaz, =-—1-3i kompleks sonlarning
yig‘indisini toping.

Yechilishi.

Z1+2, =2+5)+(-1-3)=Q2-1)+i(5-3) =1+ 2i.

4—misol: z; =6+5i vaz, =4-—2i kompleks sonlarning
ayirmasini toping.



Yechilishi.
Z,—2,=(6+5)—-@A-20))=(6-4)+i(5+2)=2+7i.
S—misol:
s . . T Y[ . . I
zZ1 =2 (cosg + isin 5) va z, =2 (cosg + isin g) kompleks
konlarning ko‘paytmasini toping.
Yechilishi.
Zy 2, = 24/2 [cos (g + %) + 1 (g + %)] =22 (cos% + isin%):
= 2v2i.
6—misol: z; = V3 +ini z, = —3 — 3i kompleks songa bo‘ling.

o 21 _ V3 (V3+i)(=3+30)) _ -3vV3-3+(V3-3)i _
Yechilishi: z;  —-3-3i (-3-30)(-3+3i) 9+9 o

_-3[3+1-(B-1)]_—3-1 V3-1
- 18 G 6 =
7—misol: zy =3 +i=2 (cosz+ isinz) ni

=—-3-3i=3V2 (COS— + i sin ) kompleks songa bo‘ling.
Yechilishi:

w . . T
z 2(C05—+l smg)

— = 2 [COS(E—S—)-I-lSlTl(E—S—ﬂ)]_
z2 3\/_(COS—+1 sms—n) 32 4 6 4

l ( 13n>+, , ( 1371')] 2 ( 13m 13n)_
\/_ cos [ sin 7 3\/_ cos [ sin 7)) =

. . T —_4 (_ n . l —
—ﬁ[cos(n+—)+lsm(n+§)]—3ﬁ( coslz+15m12)
= s eos (=) +esin (53
=35 coS > 72 [ sin bl
2 T T . T . TT . . T T T . TT
T — [(—cos— . cos— — sm— . Sm—) + 1 (sm—- cCOS—— COS—"* Sln—)]:
342 4 3 4
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Kompleks sonni darajaga ko‘tarish:
z = r(cos@ + ising) kompleks son uchun n natural bo‘lganda
z" = r"(cosng + isinng) (Muavr formulasi).

i4k — 1, l4k+1 l i4k+2 — _1,

8—misol: Y1 ning ildizlarini toping.
Yechilishi: Y1 sonni trigonometrik ko‘rinishda yozamiz.
z=1bo‘lib,z =1 = cos0 + i sin 0 bo‘ladi.

i4k+3 —



21k 21k
i/T = i/cosO +isin0 = COST + i sin—.

5
ko=0; z;, = cosO+isin0 = 1;
2T 2T
ki =1; z, = cos? + isin? = c0s72°+isin72° = 0,309 + i0,951;
41 41
k,=2; z; = cos? + isin? = c0s144° + i sin144° = 0,809 + i0,587;
ér . 6m . .
ks =2; z, = cos? + Lsm? = c0s216° + i sin216° = 0,809 — i0,587;

9—misol: (—1 + i)® ni hisoblang.

Yechilishi: z = —1 + i = \/f(cos%n + i Sin%n);
5 _ (_ N 3w, . .o 3m\°_
z5=(-14+1i)°=+2 (cos4+tsm4)—
31 3 .
= 42 (COSS vy + i sin5 T) = 4v2(cos675° + isin675°) =

= 4+/2[c0s(720° — 45°) + i sin(720° — 45°)] = 4v2(cos45° — i sin45°)=

=4\/§<£—i£>=4—4i=4(1—i).

10—misol: (1 — i) ni hisoblang.
10
Yechilishi: (1 — )10 = [\/E (cos%ﬂ + i sin %ﬂ)] =

_25< 5-7+, , 5-7)_25( 35+_ _ 35)_
= COoS 4 lSin 4 = COS4 lSlTl4 =

3 3 3 3
= 32 (cos (16 + 7) + i sin (16n + 7)) = 32 (COS7 +1i sin—)

2
=32-(—i) = -32i
Javob: (1 — i) = —32i
11-misol: zy =1+ 2ivaz, =1 —1 kompleks sonlarning ayirmasi
va bo‘linmasini toping.

Vechilishi: 7y — 7z, = (1 +2)) — (1 =) = (1 = 1) +i(2+ 1) = 3i.

zy Q420 A+ 1+42i+i-2 -1+3i 1 3

— = — =+l

z, (@A-i)-@A+i) 1-i+i+1 2 2

12—misol: z = —35 — 12i kompleks sonning kvadrat ildizlarini
toping.
Yechilishi: Bu yerda a = —35,b = —12 ekanligidan



Va2 +b% =/(=35)2 + (=12)% = V1225 + 144 = /1369 = 37.
1 1
u?=-(35+37) =36 v'=-(-35+37) =1

u=46; v =+1hamdab < 0 bo‘lganligi sababli, u va v larning
ishorasiturli xil bo‘ladi, shuning uchun

V—35—12i = +(6 —i).
13—misol: a =1 —i kompleks sonni trigonometrik shaklga
keltiring.
Yechilishi: Bunda a = 1,b = —1 ekanligidan r = V1 + 1 = V2.

(R

U holda cosg = 5 Sing = — =,
. 7T . . Tm

Natijada a = V2 (COST + i sin T)'

Javob: a = V2 (cos%ﬂ + i sin %ﬂ)

tenglikdan ¢ = %ﬂ ga ega bo‘lamiz.

14—misol: a =1—ivaf =2 (cos% + i sin g) kompleks
sonlarning ko‘paytmasini toping.

Yechilishi: Bunda @ = 2 (cos%ﬂ + i sin %”) ekanligini hisobga
olsak.

m 7w T TN
a-,B=\/§(cosr+lsmT)-ﬁ(cos§+151n§)—

_2( 157‘[+. _ 157r)
= 2| cos 3 [ sin 3 )

C g B = 157 | ;s 137
Javob: a- B = Z(COS .- tisin— )
15—misol: a =1—-ivaf = \/f(cos% + i sin g) kompleks

sonlarning ko‘paytmasini toping.
Yechilishi: Bunda



Z-ﬂmdﬁy masﬁg ‘ulot: Ko‘p o‘zgaruvchili funksiya, uning aniqlanish sohasi, limit va

uzluksizligi. Xususiy hosilalar. To‘la differensial.

z=2z(x,y), z=@x,y), z=F(x,y)yokiz= f(x,y) x= X0 Y=Y
Xususiy giymat z, = z x=x0| yoki z, = f(xg, Yo)-
Y=Yo

I-misol: x = —1,y = 2 da z = x3 + y3 funksiyaning giymatini toping.

Yechish: zpx=xo, = (=1)3+23=—-1+4=3.
y=YJ

2-misol: z = /4 — x2+y? funksiya uchun E=?

Yechish: 4 —x?+y? > 0bundan 4 < x?4+y% >0 => x?+y?> =4uholda E =

Ikki o‘zgaruvchili funksiyaning aniqlanish sohasini toping.

3-misol = V1 — x2 +,/4 — y2.
Yechish: 1 —x2>0,4—y?>>0 »x €[-1;1],y € [-2;2]

larga mos z,

[0;2).

4-misol: u = \[(x2 + y2 — 4)(9 — x% — y?2).

Yechish: (x? +y2 —4)9 —x? —y) > [x2+y2=t] > (t—-4)9—-1t) =20 24<t<9 >

22 <x?+y%2 <32

S-misol: U = arcsin %

Yechish: —1£§£1 -x20->x<y<xx<0->x<y<-—x




6-misol. u = /sin(x2+y?).

Yechish: sin(x?>+y?) >0 - 2mn<x?+y?><m+2nn
n=0 - 0<x*+y?<m.

n=1 - 2w <x?+y? < 3m.

n=2 - 41 <x*+y? <5m

. . x%+y? e
7-misof. A = lim ——=——limitni hisoblang.
x>0 /x2+y2+1-1
y-0

Yechush: ~ Limit belgisi ostidagi ifodani elementar almashtirishlar yordamida
soddalshtirib topamiz.

(2+y)(x2+y2 +1+1) . (2+y) (Va2 +y2 +1+1)
;:g(,/x +y? +1-1)(Yx2+y2 +1+1) 220 x*+y?+1-1

= lim x?4+y?2+141=2
y—0

8-misol: Z = arcctg § funksiyaning xususiy hosilalarini toping.

Yechish: Xususiy hosilalarni topish formulasidan foydalanamiz.

. Ayz _ 0z . . . Ayz _ 0z . .
im =2 = = ey JmiE=tes - hwn o



x
x%+y?

oz _ __1 .(l)_ y oz _ _ 1
ax 1+(J’)2 x2)  x2+y2 ay 1+(%)2

X

1—
- =

9-misol: u = In*(x*+y%+2z?) funksiyaning xususiy hosilalarini toping.

_ Axin(x%+y?+z2?)

Yechish: Z—i = 2In(x?+y%+2z?%) -

m - X2+y2+zz )
0z _ Zln(x2_|_ 2+ZZ) . . _4yln(x?+y?+z?)
ay - y x2+y2+zz - x2+y2+22
% — 2In(x*+y?+z?) - o 4zin(x®+y*+z?)
0z y x2+y2+72 - X2ty2t72

10-misof: u = (xy?)? xususiy differinsiallarini toping.

Yechish: dyz = f,, (x, y)dx, dyz = f,(x,y)dy xususiy differinsiallarni topish
formulasidan foydalanamiz.

dyou =23 (xy?)? "1 y2dx,
dyu=z3- (xy?)Z° =1 2xydy,
dU = (xy?)?” - In(xy?) - 3z2dz.
11-misol: u = In*(x?+y?—z?) funksiyaning to‘la differinsiallini toping.

Yechish. Dastlab funksiyaning xususiy hosilalarini topamiz:

0z 1 axin(x?+y?-z2)
— =2In Xz 2‘-Z2 — 2x =
ox ( Ty ) x2+y2—z2 x2+y2-z2 '
9z _ 2in(x?+y?—z?) L oy = AylnGity®-z%)
ay y x24+y2—2z2 Y= x2+y2—z2
0z 1 4zin(x?+y?-z?)
— = 2In x2+ 2—Z2 r—(=22) = —
0z ( y ) x24+y%-z2 ( ) x24+y2—z2

du =2 dx + g—;‘dy#;—’z‘ dz tola differinsiallini topish formulasi bo‘yicha hisoblasak:

2 2_,2
dy = 2Oy 7)) (xdx + ydx + zdz) ga ega bo‘lamiz.

x2+y2—z2

12-misof. u = /x?+y?+z? funksiyaning X, y, z o‘zgaruvchilarga nisbatan xususiy
hosilalarining P(2;-2;1) nuqtadagi qiymatini hisoblang.
du

X
—_— = Y7,
ox  x?+y2+4z2 Y
Ju y Ju Z

— = — Xz, — = — Xy
ay JxZ+y2+z2 0z \[x2+y2+2z2

Bu ifodalarga berilgan nuqgtaning koordinatalarini qo‘yamiz:

Yechish: Xususiy hosilalarni topamiz:

H —Z4p=
3

8 ou . 2 8 ou
ox P !

3 EP 3 3’ az

P



13-misol: Agar u = x+y?+z3 funksiyada y = sinx, z = cosx bo‘lsa, uning to‘la hosilasini
toping.

Yechish: To‘la hosilani topish formulasidan foydalansak:

du _Ou ,  Ou dy , du dz _ B ) B
x ox oy ax oz — =1+ 2ycosx + 3z*(—sinx) =

= 1+ 2sinxcosx — 3cos?x sinx.

Mustaqil yechish uchun misollar:

Quyidagi funksiyalarning aniglanish sohasini toping.
1) z=y2—2x+4. )z=4—x2+y
3) z=4/x2—y2—9. 4)z=,4—-y?+x.

Quyidagi funksiyalarning xususiy hosilalarini toping.

5) z = (x3+y3—xy?). 6) z = (x3+y3—xy?)3.
7) z = arcsin % 8) u = arctyg %

Quyidagi funksiyalarning xususiy differensiallarini toping.

x2+y%+2z2
9) u=ux" 10) u = S
11) z = In\/x2 + yZ2. 12)u = tg?(x — y? + z).

Quyidagi funksiyalarning to‘la differensiallarini toping.
13) z = x3+xy*+x2y. 14) z = e**7*,
15) z = In?(x%+y?).

Quyidagi aniq integrallarni hisoblang.

16) [, x dx = 17) 5 x% dx = 18) [° (x* =4 +5)dx =
19) f12(3x —2)dx = 20) [fr sinx dx = 21) fon cosx dx =

2

22) [, x° =



5-Amaliy mavzuga: Anigmas integrallarga doir misollar yechish.
1.Quyidagi integrallarni hisoblang: @) [ 3°*dx b) [ 4?*dx v) [ 5%*dx
g) [19%%dx  d) [7%*dx.

Yechish: Bilishimiz lozim:y = (a*) = a*Ina

y = (@) = ka®* Ina. [a*dx = % +C

5y . 35X 2% _ 4_296

a) [3°¥dx =——+C. b) [4¥dx =_—+C.
2Xx 192x

52%dx = +C. j 19%%dx = +C.

v) j * T 2ms 9) X T 2m19
72x
d 7%%dx = C
) j = Tm7 T

2.Quyidagi integrallarni hisoblang: a) [ sin3xdx  b) [ sindxdx
V) J sin7xdx g) J sin22xdx d) j sin33xdx.
Yechish: Bilishimiz lozim: y = (cosx) = —sinx, y = (cos2x) = —2sin2x

fsinxdx = —cosx + C.

cos3x

3
coS7x

+C. b)[sindxdx = -2 4 .

a) [sin3xdx = — ,

coS22x
22

+ C

V) fsin7xdx = — +C. g) f sin22xdx = —

cos33x

33
3.Quyidagi integrallarni hisoblang: a) [ cos2xdx  b) [ cos3xdx

v)jcosSxdx g9) jcosl9xdx d) jcolexdx.

d) jsin33xdx = — + C

Yechish: Bilishimiz lozim: y = (sinx) = cosx y = (sin2x) = 2cos2x

j cosdx = sinx + C.

a) [ cos2xdx =Si7;2x + C. b) [ cos3xdx = Sizsx + C.
sin5x sin19x
V) jcosSxdx =z + C. g)jcosl%cdx = + C.
d) [ cos21xdx =222 4 ¢,
21

4.Quyidagi integrallarni hisoblang: a) [ sin3xcos2xdx
b)jsinchos3xdx v)jcostcosBxdx g)fsin7x sin3xdx



d) j sin2xcosxdx.

Yechish. Quyidagi trigonometrik formulalarni bilishimiz lozim:
1) sinx cosy = %(sin(x + y) + sin(x — y)).

2)1) cosx cosy = %(cos(x + y) + cos(x — y)).

3)1) sinx siny = %(cos(x —vy) —cos(x +y)).

1 1
a) j sin3xcos2xdx = Ej(sinSx + sinx)dx = E(f sin5xdx + f SiTlJCdX) =

11 1 1
_Eg( cos5x) + = ( cosx)+C——Ec055x—§cosx+C

1
b) j sin5xcos3xdx = Ej(sinSx + sin2x)dx = > (j sin8xdx + j SiTlZXdJC)

11 11 1 1
= ——(—cos8x) + ——( cos2x) + C = ——cos8x — Zcost + C.

28 16

1 1
Ef(sinSx + sinx)dx = E(_[ sin5xdx + j Sinxdx> =

1 1
V) f cos2xcos3xdx = Ef(cosSx + cos(—x))dx = 5 (.[ cosSxdx + j cosxdx)

11 1 1
= ——(sin5x) + =sinx + C = —sin5x + = > sinx + C.

25 2 10
1 1
9) f sin7xsin3xdx = Ef(cosélx + cos10x)dx = E(J cos4dxdx + J colexdx) =

11 11 1 1
= ——sindx + ——sin10x + C = gsm4x + %Slnl()x + C.

24 210

1 1
d) jsiancosxdx =E.[(cosx + cos3x)dx = E(J cosxdx + j cosBxdx) =

1 1
= —sinx + —=—sin3x + C = =sinx + —=sin3x + C.

2 23 2 6
)fsm24x

5.Quyidagi integrallarni hisoblang: a) [

c0323x

)JCOSZZSX g)Jcoszélx )fSlTlZSX




Yechish: Quyidagi trigonometrik formulalarni bilishimiz lozim:

2

y = (tgx) = o5y’ y =(tg2x) = = ooy
y\ - (Cth)\ ~ " sin?x’ y\ - (CthX)\ T sin?2x
jdx—t +C-jdx— tgx + C
cos?x  I9* ) simex T CH9Y '
dx 1 1
a)fc0523x =-tg3x+C. b)fsm24 = —ctgdx + C.
j 1 —tg25x+C. d J = 1 tg3x + C
v) cos?25x 25 9% ) sin?3x 3.9 '
= —t 4x + C.
g)jcoszélx gax+
6.Quyidagi integrallarni hisoblang: a)f1 ™ ) flf:xz ) f1+16x2

dx dx
g) f1+49x2 d) f1+169x2'

Yechish: Bilishimiz

dx
= arctgx + C.

1
)f1+9x2 - f1+(3x)2 - garcthx +C.

1
)f1+4x2 - f1+(2x)2 - EarCtgzx +C.

j dx j dx 1 Ladx 4 C

V) T texz = ) Tx Gz g VI E
dx dx 1

DI raor = f1+(7x)2 = jarctg7x + C.

dj dx —f L ctgisx+c
) ) T 169x2 ~ ) T+ (302 13 47ct913*

7.Quyidagi integrallarni hisoblang: a) [

dx dx dx
e Dl e

dx dx
NI O e
Yechish. Bilishimiz

dx .
— = arcsinx + C.

1 )
=3 arcsin3x + C.

a) f dx — f dx
V1-9x2 J1—(3x)2



= —arcsin2x + C.

b)j dx _j dx
Vi—4x?2 ) [T—(@2x)2 2

—arcsindx + C.

JE= fm 1

=z arcsm7x + C.

g)f\m 49x? fw/l (7x)?

= —arcsinl3x + C.

dx
d)j\h —169x2 j\/1 - (13x)2 13

8.Quyidagi integrallarni hisoblang:

g)f3x 1 )f7:clf3'

Yeckish: Bilishimiz lozim: [ =In(x)+C. y = (nx) =~y =
(In(2x — 1) = —

d d
b) f5xf2 U) flef21

2x—1"
d 1 d 1
a)szfl = -In[2x — 1| f = -In|5x — 1].
j @ sx—1). —1|3 1].
V) x—1 T DR

d 1
d) [ =-In|7x - 1].

9.Quyidagi integrallarni hisoblang: a) fﬁdx b) fx2—§i+12
—dx dx

v) fxz—sx—m 9) fxz 4x+3 d) f4(x2_4)'

Yechish.

X J _jx+1—1d _j(x+1 1>d—
x+15 = x+1 T GF1 x+1) T

=fdx—f
X

dx dx A B
D) T T xv1z (x—4)(x—3):f(x—4+x—3)dx
:{A(x—3)+B(x—4)=x*0+1
Ax —3A+Bx—4B=x*x0+1
:>{ x(A4+B)+(-3A—4B)=x+0+1 :>{ _
A+B=0A=-B, B3B—4B)=1, B=-1 B =-1

1dx=x—1n(x+1)+C.
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. eostarsinfa=1; tga-ctga=1;
‘ oS (t
elga = =]
sina
1

. lga=——
ctg«

]
1l s ——
i cos’

9“*65’

1
1 = ey
e sin’ '

5. sinlact B)= sina-cos B+ cosa-sin f;
. coslat B)= cosa-cos B sina-sin f;
 fgattgh

$ ‘g(“iﬁ)‘ﬁ'@%‘_ﬁ’

. Sin2u = 2sing-cosa;

. 00820 = cos” @~ sin’ a;

10. cos2 = 2¢08” a-1=1-2sin’ a;

Aga ctga l
11. %:.L;
Y 1-tg'a e 2etgat

12. sin £ sin j3=23in“i2ﬂ vcos“zﬁ :

13, cosa+msﬁ=2ws

14. cosa - casﬁ--2s

15, tyattg B ;’;:“;f]s :

16. sin’a=l—c;s2«; cos’ «

17. sine:cos f=

2(sm(rr«\ﬁ)*rsm( - Bk

18, cos(-cos f= §(cos(a+ﬁ)+008(a-ﬁ))3

19. sine-sin = -l-(cos(«- B)-cosler+ B)

55

sind sind
21, tg—= : - ;
tg2 14cosa’ g2 1 ~cosa

+oosa




6-amaliy mavzuga:

Integral ostidagi ifodani sodda qo‘shiluvchilar yig‘indisi ko‘rinishiga
keltirib integrallashga yoyib integrallash usuli deyiladi.

Integrallarni toping:
1235.f(x2+2x+§)dx=fx2dx+2fxdx+f%dx=xg—3+2-xz—2+ln|x|+C=

x3
?+2x+ln|x| + C.

-2+1

2ax =X Zdx = [x2 “Bdx =% :
1261}7.fx3 dx = [Sdx+ [Sdx=[x"2dx+2 [xPdx =0+ 2

1
————=+C.

X

1, 3 4
1239-f(\/§+W)dx=f\/§dx+f3{/;dx=x;? X3 +C=%2+x?3+
2 3

2

C = fo 3xf+c_x( Vx+23%) + .

1241.

3 2
f—(\/};l) dx = f(\/}) _S(ﬁx) s L fgdx— 3f§dx—
1+2
3-2 1-2 i}
Bfijdx—fidx:fdex—dex—fode—f%=%—3x—
—1+2 ?
X

B'T ln|x|+C—

1

—3x—3-x—12+ln|x|+C=

2

X
N|w| AT

2Vx3
3
In|x]| + C.

-2+1

+C—e +- ~+C.

1243. [ e* (1 — q) dx = [e¥dx — [x7%dx = e* —

-2+

cos2x _ fCOS X— SlTl x f COS X f sm X

124 = =
S. fcos 2x-sin?x cos?x-sin?x cos?x-sin?x cos?x-sin?x dx
dx
— = —ctgx —tgx + C.
fsmz fcos 2y g gx +
sin x+c052x sin?x cos?x
1247. _— = = | —— ———dx =
fsmzx -cos%x f sin?x-cos?x fsinzx-coszx fsinzx-coszx
dx dx
=tgx —ctgx + C.
fcoszx T fsinzx g gx +
2
1—cosx 1—cosx 1 1 X
1249. fsm——f(/ )dx=f ——dx = [dx—3 [ cosxdx =3 —
sinx
S C.

2 d .
1251.f (1+x2 W) dx =2 [ =2 (1+ 5 3f\/$ = arctgx — 3arcsinx + C.



2_1)2 _
1253,/ Sy = (XM gy = (2 2 [Ddx 4 [ Sdx = [ xdx -

x3
—3+1

dx _3 . x?  x~
Zf + [x73dx = ——21n|x|+ +C—————21n|x|+C—
2 2
4 _
ad > —21n|x|+C.
2x

1255. f—dx—fx de—fo de—fx_idx—fo 2dx =

Vx3 —5+1

SR JUPYE s SIS SR 22 S I W

T T Tre= FHC="5+C=240

-2+1 -3+1

1257.f G_i_xiz + x%) dx = f‘;—x-p [x72dx + [x73dx = In|x| + x_z:l x_g:l
C=ln|x|———$+€

1259.fex(1+ eij)dx—f(e +c052 )dxzfe dixzex+tgx+C.

1smx —f

1261. [ =

— [ sinxdx = —ctgx + cosx + C.

512

Bevosita mtegrallash va o‘rniga qo‘yish usullari:

1263. [ cos3xdx = %sinSx +C.
1265. [ e3dx = ——e 3% + .

1267. f(e§+e_§)dx = fegdx+fe_§dx= 2e: —2e72+ C = Z(eg—
e_§)+C.

(3—-2x)° _ (3—-2x)°
2'5 +0= 10

1+2

=[(V3-2x) " dx “Z)Ef—iz)+c=—(3—2x)§+cz

1269. [(3 — 2x)*dx = — + C.

—/3—-2x+C.
(2x-5) d(2x— 5)
——f ok In(x? —5x+7) +C.
1275f =——ln|1—10x|+C.
1-10x

cosxdx f dsinx

1277. [ ctgxdx = |

= In|sinx| + C.
sinx



CO0S2Xx cos?x—sin?x cos?x sin?x
1279. f.—d —f—dx— f—d —f—d
sinx cosx sinx cosx sinx cosx sinx cosx
cosx smx dsinx dcosx .
[—dx—[—dx =] + [ = In|sinx| + In|cosx| + C =
sinx coSx sinx cosx

In|sinx cosx| + C = ElnlstxI + C.

1281, [ 25 gy = 2 (LD L 4 25|
1+2sinx 2 1+2sinx
. 3
1283. [ sin?x cosx dx = [ sin®xdsinx = ~=— + C.
cosx dx dsinx 1
1285. f sin4x fsm‘*x ~ 7 3sindx C.



6-amaliy mavzuga:

Integral ostidagi ifodani sodda qo‘shiluvchilar yig‘indisi ko‘rinishiga
keltirib integrallashga yoyib integrallash usuli deyiladi.

Integrallarni toping:
1235.f(x2+2x+§)dx=fx2dx+2fxdx+f%dx=xg—3+2-xz—2+ln|x|+C=

x3
?+2x+ln|x| + C.

-2+1

2ax =X Zdx = [x2 “Bdx =% :
1261}7.fx3 dx = [Sdx+ [Sdx=[x"2dx+2 [xPdx =0+ 2

1
————=+C.

X

1, 3 4
1239-f(\/§+W)dx=f\/§dx+f3{/;dx=x;? X3 +C=%2+x?3+
2 3

2

C = fo 3xf+c_x( Vx+23%) + .

1241.

3 2
f—(\/};l) dx = f(\/}) _S(ﬁx) s L fgdx— 3f§dx—
1+2
3-2 1-2 i}
Bfijdx—fidx:fdex—dex—fode—f%=%—3x—
—1+2 ?
X

B'T ln|x|+C—

1

—3x—3-x—12+ln|x|+C=

2

X
N|w| AT

2Vx3
3
In|x]| + C.

-2+1

+C—e +- ~+C.

1243. [ e* (1 — q) dx = [e¥dx — [x7%dx = e* —

-2+

cos2x _ fCOS X— SlTl x f COS X f sm X

124 = =
S. fcos 2x-sin?x cos?x-sin?x cos?x-sin?x cos?x-sin?x dx
dx
— = —ctgx —tgx + C.
fsmz fcos 2y g gx +
sin x+c052x sin?x cos?x
1247. _— = = | —— ———dx =
fsmzx -cos%x f sin?x-cos?x fsinzx-coszx fsinzx-coszx
dx dx
=tgx —ctgx + C.
fcoszx T fsinzx g gx +
2
1—cosx 1—cosx 1 1 X
1249. fsm——f(/ )dx=f ——dx = [dx—3 [ cosxdx =3 —
sinx
S C.

2 d .
1251.f (1+x2 W) dx =2 [ =2 (1+ 5 3f\/$ = arctgx — 3arcsinx + C.



2_1)2 _
1253,/ Sy = (XM gy = (2 2 [Ddx 4 [ Sdx = [ xdx -

x3
—3+1

dx _3 . x?  x~
Zf + [x73dx = ——21n|x|+ +C—————21n|x|+C—
2 2
4 _
ad > —21n|x|+C.
2x

1255. f—dx—fx de—fo de—fx_idx—fo 2dx =

Vx3 —5+1

SR JUPYE s SIS SR 22 S I W

T T Tre= FHC="5+C=240

-2+1 -3+1

1257.f G_i_xiz + x%) dx = f‘;—x-p [x72dx + [x73dx = In|x| + x_z:l x_g:l
C=ln|x|———$+€

1259.fex(1+ eij)dx—f(e +c052 )dxzfe dixzex+tgx+C.

1smx —f

1261. [ =

— [ sinxdx = —ctgx + cosx + C.

512

Bevosita mtegrallash va o‘rniga qo‘yish usullari:

1263. [ cos3xdx = %sinSx +C.
1265. [ e3dx = ——e 3% + .

1267. f(e§+e_§)dx = fegdx+fe_§dx= 2e: —2e72+ C = Z(eg—
e_§)+C.

(3—-2x)° _ (3—-2x)°
2'5 +0= 10

1+2

=[(V3-2x) " dx “Z)Ef—iz)+c=—(3—2x)§+cz

1269. [(3 — 2x)*dx = — + C.

—/3—-2x+C.
(2x-5) d(2x— 5)
——f ok In(x? —5x+7) +C.
1275f =——ln|1—10x|+C.
1-10x

cosxdx f dsinx

1277. [ ctgxdx = |

= In|sinx| + C.
sinx



CO0S2Xx cos?x—sin?x cos?x sin?x
1279. f.—d —f—dx— f—d —f—d
sinx cosx sinx cosx sinx cosx sinx cosx
cosx smx dsinx dcosx .
[—dx—[—dx =] + [ = In|sinx| + In|cosx| + C =
sinx coSx sinx cosx

In|sinx cosx| + C = ElnlstxI + C.

1281, [ 25 gy = 2 (LD L 4 25|
1+2sinx 2 1+2sinx
. 3
1283. [ sin?x cosx dx = [ sin®xdsinx = ~=— + C.
cosx dx dsinx 1
1285. f sin4x fsm‘*x ~ 7 3sindx C.



Mavzu: Ratsional funksiyalarni sodda ratsional kasrlarga ajratish.
Ratsional funksiyalarni integrallash algoritmi.

F.(X)
Ikkita ko’phadning nisbati ratsional kasr deyiladi. 0. (x) - Bunda n<m bo’lsa

ratsional kasr to’g’ri ratsional kasr deyiladi, n=m bo’lsa, ratsional kasr noto’g’ri
ratsional kasr deyiladi. Bunday kasr suratini maxrajiga bo’lish bilan butun va kasr
qismlarga ajratiladi. Bundag: kasr to’g’ri kasr bo’ladi. Agar ratsional kasrda maxraj
ya'ni O, (x)=1 bo’lsa, kasr butun ratsional funksiyaga aylanadi. Buni integrallash
yuqorida ko’rib o’tilgan.

Endi to’g’ri ratsional kasrni integrallashni ko’rib o’tamiz. Avval oddiy ratsional
kasrlarni integrallashni ko’ramiz. Umumiy holda ratsional kasr oddiy kasrlarga ajratilib,
so’ngra integrallanadi. Oddiy ratsional kasrlar (ba’zan elementar kasrlar deb ham
yuritiladi) qo’yidagi ko’rinishda bo’ladi.

1 A 2 A
x—a (x-a)* bu yerda k& =2 butun musbat son.
3.AX_+B.-M ) ’__p_z__ <0
X2+ pX+q axrajni ildizi kompleks sonlardan iborat, ya'ni 4 q=
Ax+ B

(x + px+q)k . k=2 bo’lgan butun musbat son.

(1)-(4) ko’rinishdagi kasrlar eng sodda ratsional kasrlardir.

Endi shu kasrlarni integrallashni ko raylik.

A
l-_f dx = Aln|x —aH+C (C = const)
x—a

E_Ide:AI(I—a}_kd{x—a}z

(x—a)"
—k+1
Y ) RSN 2 -
—k+1 (1-k)x—a)
S @x+p)+(B-D)

Ax + B o T EAT T Ty Ap¢ 2x+
3.f— dx = [ 2—— 2 ge=2(5"""L gu+

X"+ px+q x" +px+q 27 X" + px+q

Ap dx XX +px+qg=t dt
B =g }Ix2+px+q _sz+p}dx:dr -[ t _ln|r|+C}=

dx e
(x+p/2Y +(g—p /4
2B — Ap 2x+ p i
A#’2(2x+p)+B—Ap52}dx=

(x> + px+q)*
Ap}j dx
2 D (xP+px+g)c

A 2 Ap
—Eln|x +px+q|+(B— > }I

:§]n|x1+px+q|+ arclg

Ax+ B
4--‘- (x* + px+q)*

:ﬁj 2x+ p
27 (x* + px +q)*

|

dx + (B —



2x+3 . I
1. fx2+3x — dx = integralni hisoblang.

Yechish: Bu integralni quyidagi uchta usulda yechimini topamiz;

2x+3 dx
1fm f(+5)+f(x_2)—ln(x—5)+ln(x—2)+C—
=In((x + 5)(x — 2)) + € = In(x? + 3x — 10) + C.
2x+3 2x + 3 A B

13210 (x+5)(x—2) x+5)  x=2)
2x+3=Ax—2A+Bx+5B=(A+B)x+ (—2A+5B)
{A+B=2 _>{ A=2-B _>{A=2—B

—24+5B=3 ~ |-2B+5(2-B)=3 ~ -7B=-7
Bundan A=1, B=1 hosil bo‘ladi.
2x+43 ( ) o2t _ d(tz—t—g) _ 49 _
2'fx2+3x—10 =] 222 N ftz—ﬂ dt = | 242 In (tz - T) o=

4 4
= In(x? + 3x — 10)+C
2

3 49
x2+4+3x—-10 = (x+§> — —deb olib,x + 3x = t,dx = dt.

4
3] Xt —fd(szx_lo)—l :d(x? +3x — 10) = (2x + 3)dx|
Jx a0 T Tagac—q0 o Ivm10) = (2 3)dx

= In(x? + 3x — 10) + C.
Javob: In(x? + 3x — 10) + C.

x>dx
2. f noto‘'g‘ri kasrli integralni hisoblamiz.

x2+5x+6
Yechish: Kasrni suratini maxrajiga bo‘lish orqali amalga oshiramiz.
x>dx 439x + 390

jx2+5x+6 J(x —5xF+19x - 65+ x2+5x+6>dx=

x*  5x3  19x? 927 488
43 * 2 _65x+f<x+3_x+2>dx=

x* 5x3 19x? (x + 3)%%7
ZI_ 3 + > —65x+lnm+6.

Javob: & — 22 4 19 _ g5y 4 In (x+3;zzz +C.

2x2+5x+5

3. fmdx integralni hisoblang.
Yechish: (x> — 1D(x+2) = (x—1D(x+ 1(x + 2).

2x*+5x+5 A LB . C _(A+B)x*+ (BA+B)x+ (2A-2B-C
(x2—1D)(x+2) x—-1 x+1 x+2 x2=1)(x+2)
A+B=2

3A—B=5 =>A=2B=-1,C=1
2A—-2B—-C=5



2x>+5x+5 y _j( 2 1 N 1 )d B
(x2 —1D(x + 2) TG T x 1 T xr 2T

(x —1)%(x + 2)
(x+1)
(x—1)%(x+2)
(x+1)

=2In|lx —1| —In|x+ 1|+ In|x+ 2|+ C =1n + C.

Javob: In

|+c.

dx . .
4, fm integralni hisoblang.
Yechish: A va B noma’lum koeffitsientlarni topamiz.

1 A N B  Ax+7A+Bx+B
x+DxE+7) x+1 x+7 (x+Dx+7)

1=(A+B)x+(7A+B)
{A+B=0 1 1

7JA+B =1 >A_g B_—ggaegabolamlz.

j —1J dx 1J B Dl 4 1] = Shnfx + 7] + € =
x+Dx+7 6)x+1 6)x+7 6% 6 X -
1 |x+1

+C.

=2
6 x+7

+ C.

Javob: L1n erl|
6

3x2-5x+1

5 f (x 2)2

Yechish: To‘g ri kasrni sodda kasrlar yig‘indis ko‘rinishida yozamiz:
3x2—5x+1 A B C D

= 22(x+22 x—2 =22 x12 (xt2)72

> integralni hisoblang.

3x3 —5x+1=A(x+2)2(x—2)+B(x+2)?+ C(x — 2)*(x + 2) + D(x — 2)?

! x =2dal5=16B
x=-2dal13=16Dp __ , 15 13 47 23
x3da3=A+C _>B_16'D_16’A_8'C__§

kxzdaO=2A+B—2C+D

(x—=2)2(x+2)2 x—2 (x—2)2 x+2 (x+2)2

3x%2-5x+1 v ® - 2
1] =f< 8y 16 _ 5 4 >dx——ln|x—2|

23 15 13
g 16(x—2) 16(x+2) =
Javob: ﬂlnlx — ZIEInlx + 2| — L B L¢
8 8 16(x—2) 16(x+2)



Integrallarni hisoblang.

A
f dx =Aln|x —a| + C.
xX—a

x3 _ 2 8 _x3 2
1431.f —dx = [(x*+2x+4+—)dx ==+ x* + 4x + 8In|x — 2| + C.
xX—2 x—2 3

1433f dx—f( )dx—fxzdx+a [ dx =
B d(x + a?) _x3 a3 s s
=3 —j T C—?+?ln|x +a’| +C.

2x+7 . 2x+7 . i i . ﬂ
1435. fx2+x 2 f(x+2)(x 1) - fx—l dx + fx+2 dx = 3fx—l

dx (x —1)3
—j =3In|lx—1|—-In|x+ 2|+ C =In|———
x+2

+ C.
x+2

x+1)3 x34+3x2 +3x+3 7x+1
1437.f(x2_i dx = [ dx = f(x + 4 +x(x_1)) =
7x+1 x? dx dx
fxdx+4jdx+ m—7+4x+8fx_1— 7—
2 2 (x —1)8

X X
=—+4x+ Bln|lx —1|—-In|x]) + C =—=—+4x +In + C.

2 2 X

1441.fx5X1 dxzfdx_fdx

- + [ 29% _ —In|x — 2| = In|x + 1| — = + C.
—3x—2 xX—2 x+1 x+1

(x+1)2

5x —1 A B C

x3—3x—2_x—2+x+1+(x+1)2

5x—1  Alx+DE+1*+Bx—-2)(x+1)?+C(x —2)(x + 1)
x3—-3x—-2 x3—3x—2

A=1 B=-1, C=2.
4%—2 4 4x_£ 20x—-12
1443, [ ——" _dx = | :

x2-0,2x+0,17

f (20x—12)%20
100x2-20x+17

- f 100x2 20x+17
577100 100

f 400x — 240 f 2(200x —20) — 200 _ j 2(200x — 20)
100x2 — 20x + 17 100x2 — 20x + 17 ~ ) 100x2 — 20x + 17 X

f 200 ~ fd(lOOxz — 20x + 17) 200f dx
100x2 — 20x + 17~ 100x2 —20x + 17 100 (

x*—ex+199t



=21n|100x? — 20x + 17| — 5arctg (*==).

200f dx =2f dx zzj dx B
100 (xz—%x+ 1 +i) (( 1)2+4) t2+(%)2

100 ° 25 X~710 25
1 10x — 1
1 t X—710 10 10x —1
=2 -sarctg| = | =5arctg| —5— | =Sarctg| —5— | = Sarctg( )
2 2 2 2
5 5 5 5

1
X — 1—0 =t deb olsak.

Javob: 21n|100x? — 20x + 17| — 5arctg 1x=1)
4



7-amaliy mavzuga: Ikki o‘zgaruvchili ratsional funksiyalar.
Trigonometrik funksiyalarni integrallash.

TPUTOHOMETPUA
a, G0 e O B B Tn | S |4 |30 | S | 7o [11n
AT T e e (] o e B ) o A il Al 7
pad 6 |4 [3[2]314/6 614 13[2]3]4]6
@ 0° |30°45° | 60° 120°1135°|150° | 180° {210° | 225° |240° 1270° [300° |315° [330° | 360°
e 0 | L|2[B1 g [BIRIL]G LIRS BIRL,
21212 2122 2 2] 2 HIEAE:
cosa| 1 .‘./.-?. .{% 1 -1 -.‘Q-ﬁ -1 -...3.-.[?. --1- 0 1 ..‘/2 I?. |
2 |2 |2 2| 2|2 2(2] 2 21212
1 1 1 1
h -3~} - |f3] 1 I
tgac| 0 % 1|43 V3| -1 % 0 % 1\ V3| -1 % 0
1 1 1 1
ctga-JilTs' 7;-1-\15-&'175035-1-\/5-
Locos*assin‘a=1; tga-clge=1; 13, cosa+oosﬁ*2oos“+ﬁvoos“"ﬁ;
sina oos« 2 2
2. g0 = = Clgat =~ aif . a-Pp
0013“ slm 14, cosa~cos f = -2sin 3 -8in 5 ;
3 tga=—; tr = —; :
b = 15, tguttg B sinect f)
5 ] cosa-cos B
5. sinfect B)= sina-cos ftcose: sm,B, 2 2
6. coslet B)=cosa-cos B sina-sin f; 17. sina-cos f= 2(san(¢r+ﬂ)+sm( -B));
7 . atyp . |
tge.5) 1Ftga-tg B 18, cos«~cosﬁ=%(cos(a+ﬁ)+oos(a-ﬁ));
8. sin2u=2sina-cosa;

9,

00820 = cos” a - sin’ a;

10. cos2 = 2¢08’ a-1=1-2sin’ a;

11.

12.

2ga ctg« l

o 1-tg’a . 2etgr '
atf a+ﬁ

sina tsinff=2 :
ine £ sin f=2sin > 3

19, sina-sbtﬁ=1(cos(«— B)-coslee+ B))
20. sm- cos« =l = +cosa
@ sina sina
21, tg—= q - '
tg2 14cosa’ g2 1 -cosa



. . 1 . .
1-misol: f cos®xsinxdx = |t = cosx,dx = ;dt, t = —sinx| =
6

s . 1 c t cos®x
=jt Slnx<—_—>dt=—jtdt=——+C=— +C
sinx 6 6

cos6x

+ C.

Javobh:—

2-misol: [ sin3x dx = [ sin’x sinx dx = [(1 — cos?x)sinxdx =

1 . 1
= |t = cosx,dx = th,t = —Sinx‘ = j(l — t?)sinx (— —) dt =

sinx
t3 t3 — 3t
—f(l—tz)dt=ft2dt—fdt=§—t+C= g tC=
_ cos3x;3wsx v Javob: cos3x;3cosx )
2
. 2 1+cos2(4x) 1+cos8x
3-misol: [ cos*4x dx = [| |[———— dx=f( . )dx=
_f(l c058x) X sin8x+ X sin8x
T )T T e 2 T T2 e
X sin8x
Javob: . e T C.
4-misol: f Stnx |t = cOoSX,— L S_inx dx,—dt = sinxdx| =
_dt— Jt 3 dt = t_2+C— L C=— ¢
(t)3 -2 2t2 2cos?x
Javob: ——+C.
2cos

Integral ostidagi ifodani sodda qo‘shiluvchilar yig‘indisi ko‘rinishiga
keltirib integrallashga yoyib integrallash usuli deyiladi.

Integrallarni toping:

1245f cos2x _ J-cos x—sin? x do = f cos?x do _f sin?x do =

cos?x-sin?x cos2x-sin?x cos?x-sin?x cos?x-sin?x
dx
[ 7 = —ctgx —tgx + C.
sm2 cos?x 9 9
sin?x+cos?x sinx cos?x
1247. f 2 2. f = f f 2 2 dx =
sin?x-cos?x sin?x-cos?x

sin?x-cos?x sin?x-cos?x

[ [ = tgx — ctgx + C.

cos?x sin?x



2

2
1249, fsint = [ [F2) = e =1 e feommax = £ -2t

e—x

1259.fex(1+ )dx=f(ex+ )dx—fe

—ex+tgx+C.

cos?x cos?x

1- smx

1261. [ =

= —ctgx + cosx + C.
Bevosita integrallash va o‘miga qo‘yish usullari:

1263. [ cos3xdx = %sin?)x +C.

d dsi .
COSXT = [ "% = In|sinx| + C.

1277. [ ctgxdx = |

sinx sinx

1279f COS2x d — fCOS x—sin? xdx — f cos?x d —f sin®x dx

sinx cosx Sinx cosx Sinx cosx Sinx cosx
coSX smx dsinx dcosx .
[—dx— | = [ + [ = In|sinx| + In|cosx| + C =
sinx cosx sinx COSX

In|sinx cosx| + C = ElnlstxI + C.

COSX fd(1+25mx) _ —ln|1 n ZSian

1281. [

1+25inx 14+2sinx

sin3x

1283. [ sin®x cosx dx = [ sin®xdsinx = + C.

cosxdx f dsinx 1

1285. [

sin%x sin*x 3sin3x

1391. [ (1 + 2cosx)*dx = [(1 + 4cosx + 4cos*x)dx = [ dx + 4 [ cosxdx

1+ cost) 4

+4jcoszxdx=x+4sinx+4J( > dx=x+4sinx+§x+

4
ﬁSanX + C = 3x + 4sinx + sin2x + C.



2 2
1+cos2x (14+cos2x)
)P = f o’

1393. [ cos*xdx = [(cos?x)* dx = f( dx =

1+ 2cos2x + cos?2x 1 , 1
j =Z.[(1+26052x+cos 2x)dx=Zjdx+

4
2 1 5 x sin2x 1 14+ cos4x X
ZJCOSZXdX+Z.[COS 2xdx=Z+ o) +ZJ(T>dx=Z+
sin2x 11 11 x sin2x x 1 1
2 4 > dx+Z Efcos4xdx=z+ 2 +§+§ Z sindx + C =

3x N Sin2x N sindx
8 4 32

sian)4
2

1395. [ sin*x cos*xdx = [(sinx cosx)* dx = f( dx = 1—16f(si7122x)2 dx =

. (1_6054x>2d j(1 4x)?d J(1 2c054x + cos?4x)dx =
16 5 X = 16 - 4 coSs4x X = COS4X + CcoS™4X)ax =

(f dx — 2 [ cos4x + | (1+6058x) dx) =2 (x _zsimdx 1 fdx + = fcosSxdx)

64

1 ( sin4dx N X N sm8x> _ 3x  sindx 4 sin8x s
64 * 2 2 16 / 128 128 1024
. . . 1 . .
1397. [ sin®xdx = [ sin* x sinx dx = |t = cosx,dx = - dt,t = —Smx| =
A o 1 2 2
sin*x sinx - dt = | —(sin®’x)?dt = | —(1 — cos?x)?dt =
—sinx

j —(1 — 2cos?x + cos*x)dt = j —(1=-2t*+tYHdt = j(—l + 2t2 — tY)dt =

- 2t3  t° N 2cos3x  cos®x
—t+——— = —cosx —
3 5 3 5

1399. [ sin3xcos® xdx = |t — sinx,dx = ~dt,t = cosxl = fsin3xcos3xidt =
t CcOSX
fsin3xcoszxdt = fsing'x(l —sin?x) dt = j(sin3x — sin®x)dt = f(t3 —t9)dt =

t* t° sin*x sin®x

4 6 4 6




1401. [(1 + 2cosx)3dx = [(1 + 6cosx + 12cos?x + 8cos3x) dx =

J dx + 6] cosxdx + 12 f cos’xdx + 8j cos3xdx = x + 6sinx +

1 —cos2x 5 1 .
12 f (T) dx + 8] cos“x cosxdx = ‘t = sinx, dx = ?dt,t = cosx| =

1
cos?x cosx - ——dt = x + 6sinx + 6x

+ Esin + 12x 12sin2x N f
x Snx 2 22 COSX
_ , _ , , 8sin3x
—3sin2x + 8 | cos“xdt = 7x + 6sinx — 3sin2x + 8sinx — 3 =

8sin3x

= 7x + 14sinx — 3sin2x —

Oxirgi integralni quyidagicha yechimi topiladi.

8jcoszxdt=8.[(1—sin2x)dt=8j(1—t2)dt=8(jdt—jtzdt)=

t3 , sin3x , 8sin3x
8lt—— ) =8|sinx — 3 = 8sinx — 3 + C

3

: in3 1
|t = cosx,dx = —dt t = —Smx| = fj:;zi Tt =

smx (1 — cos? x) 1—t? ,
[EE P LCET . R T PR S
cos x cos?x t

sin3x dx

1403. |

cos?x

t_2+1 1
— +t ——+t + cosx + C.

—2+1 COSX

dx sinx sinx sinx

1405. fsmx - f(smx sinx) o fsmz J.(1—c052x) dx =
‘t— p —1dtt\— , ‘_ j dt B 11 ‘1+t_

—cosx,x—t\ ,t = —sinx| = e an_t_
1 1—t_1 1 — cosx c—1 1—cosx_|_c_l |t x|+C
2 t_2n1+cosx - 1+ cosx - g2 '

1407, fcosx+smx _ f(cosx sinx)dx _ f( COSX n sinx )dx

sin2x sin2x 25inxcosx 25inxcosx



_f (Zsmx Zcosx) dx = %(f s(iirglcx + f cj:x) - %(f (ssil:zx ) + f (CCOOSSJ; dX)) -

1(1l 1 — cosx 1 1+sinx)_1l |t x|_|_1l 1+smx‘
2 2n1+cosx an—sinx _2n gZ 4n1—sinx

sinx sinx 1 . \
1)f(sm2 ) fl_coszxdx=|t=cosx,dx=?dt,t =—Smx| =
j sinx 1 gt = .[ dt _1 1—t_1 1—cosx+C
1 —cos?x (—sinx) 1—¢2 2 1+¢ " 271+ cosx

2) [ (2% dx) = [ 2% dx = |t = sinx, dx = 2dt,t = cosz| = [ 225 Lar=

cos2x 1-sin?x 1-sin%?x cosx

f 1 dt—f dt _1l 1+t 1 1+ sinx
1—sin?x 1—152_2rl

+ C

2 n 1 —sinx




9- Mavzu” ANIQ INTEGHRAL.

[a: b] kesmada y = f(x) uzluksiz funksiya berilgan bo‘lsin (119-
chizma). Berilgan y = f(x) funksiya grafigi, abssissalar o‘qi, x = a va
x = b vertikal to‘g‘ri chiziglar bilan chegaralangan aABb tekis figura
egri chizigli- trapersiva deyiladi. Shu egri chizigli trapetsiva yuzini
topamiz. Buning uchun y = f(x) funksiyaning kesmadagi eng katta
va eng kichik giymatlarini mos ravishda M va m bilan belgilaymiz.

2 - b-a . ; _ .
la; 6] kesmani x, = g ——ti= 0.1, ..., » nuqtalar bilan » ta

v | B
|
e ]
Al |i]!]]
I I il |
] il [ = >
g o X Xy Xy X, !‘ X Xe X,‘b
kKesmachalarga ajratamiz, bunda x, < x, = x, = ... = x_deb hisoblaymi;
VAL O, — Xy ==Xy vy Xy Koy = INK o X, — =X = AX,_ deb fararz gqilamiz

1 o — R

so* ngrd f(),) tunksx\,dnlng eng ku.hlk va eng katta qqivmatlarini
Ix,: x,] kesmada 7z, va Af, bilan,
=63 le kesmada rn: va .-‘Lf: bilan,

ix_,_ .: x| kesmmada m_va A _ bilan belgilaymiz.
Endi guyidagi yvig'indilarni tuzamiz:
”
S, = mAXx,+ mAX, V... + m AXx, = > 7, A,
e
S, = MAx, + MAX,+ ... + MAx — >, M,Ax,.
=1

Bu vig indilar inregral vigindilar deyilib, mos ravishda ichki va
tashqgi chizilgan zinasimon shaklini sinig chizig bilan chegaralangan
yuziga teng bo‘ladi. Bundan esa 5, =35_.5 = 5, tengsizlik o‘rinli
bo'ladi. Agar [a: £] kesmalarnt vana ham kichiklashtirib bo“laklarga
ajyratsak, rsz vetarli darajada katia bolgandas, wvas, lar bir-biridan
kam farg qgiladi va egri chizigli trapetsivaning yuzini: aniglaydi.

Ta rif. Aviaviik, yv = fi{x) x=f[a;:; H] manfiyv bo‘lmagan, uzluksiz
funksiva bo‘lsin. Bu holda. agar{s,.} vai{s,} ketma-ketliklar limitlari
maviud bo‘lib, bir-biriga teng bo'lsa, Imitning gqivmati egrs chriizigli
rrapetsivarning yvauazi deviladi.

Endi [x;: x.], [x,; %], ..., [x, _ ,: x,| kesmalarning har birida bittadan
nugta olamiz. Bu nuqgtalarni &, &,. ..., & bilan belgilaymiz. Bu
nuqtalarning har birida f(&§)), f(§,). .... f(§)) givmatlarni hisoblaymiz
va S, = f(gl )A-xl + f(éz)sz + ...+ f(gn)Axn = Zf(gl)"ixi yig‘indini
tuzamiz. -

Bu yvig‘indi [a; 6] kesmada f(x) funksiyaning inregral yig ‘indisi deb
ataladi. [x, _,; x,] kesmaga tegishli bo*lgan har ganday £ nuqgta uchun
m, = f(E,)< M, va barcha Ax > 0 bo'lganda, mAx, = f(,)Ax, s
= M,Ax, demak, ZmAx sz_f({;‘ JAX; SZAI AX, yoki

=1
Sy S S



pundan ko rinadiki, yuzi s_ga teng boflgan shakl ichki va tashqi
chizilgan sinig chizig orasida yotuvchi sinig chizig bilan
chegaralangan, degan ma’noni beradi. s yvig'indining qiymati [a; 5}
kesmani lx._ i x] kesmalarga ajratish usuhgd hamda hosil gilingan
kesmani ichida £ nugtalarni tanlab olishga bog'lig. Endi max|x_ ;.
] bilan kesmalarni eng uzunini belgilaymiz va max|[x_ x| nolga

-

intiladigan holni qaraymiz. Har bir ajratish uchun £ ning mos
[c)
giyvmatini tanlab, s, = f(&,)Ax, integral yig‘indini tuzamiz.
i=x a 3 u -
n->oc intilganda maxAx—0 bo‘ladigan ketma—ketllkm garaymiz
. - T ‘Isin: lim s, = Ilim (&,)Ax; =
va u biror limitga ega bo'lsin i Sy =1 M‘_m?::,f

1-ta’rif. Agar [a; b] kesma maxAx,—=0 shartni ganoatlantiradigan
har ganday bo‘laklarga ajratilganda va [x ;> x,] kesmada £, ni istalgancha

tanlab olganda s, = Zf(e‘g,)Ax, integral yvig®indi birgina limitga intilsa,
=1
bu limit [a; £] kesmada f(x) funksivaning aniqg inregrali deb ataladi va

j f{x)dx bilan belgilanadi. Shunday q:hb ta’rifga ko‘ra:
- lim Zf(-i.)m _[f(x)dx

max Ax; -~

a son integralning gquyi chegarasi, b son esa integralning ywqgori
chegarasi deyiladi. |a; bl — integrallash kesmasi, x esa inregralliash
o ‘zearuvchisi deyiladi.

Z-ta’rif. Agar f(x) funksiya uchun yugoridagi Iimit mavjud bo‘isa,
u holda funksiva [a; 6] kesmada inregrallanuvchi funksiya deyiladi.
Agar integral ostidagi y = f(x) funksivaning grafigini chizsak,

.}
S(x) = O bo‘lgan holda jf(x)dx integralning son givmati y = f(x)
a
egri chizig, x = a, x = b to‘g‘ri chiziglar hamda Ox o°qi bilan che-
garalangan egri chiziqgli trapetsiva vuziga teng.

Teorema. (Teoremani isbotsiz keltiramiz.) Agar fix) funksiva
bl kesmada uzliksiz bo'lsa, u holda bu funksiva shu kesmada

inregrallianuvchidir. Uziluvchan funksivalar orasida integrallarnves
Junksivalar va inregrallanmovchi funksivalar ham bo lishi mwmKir.

Eslarma. 1) aniq integral fagat f(x) funksivaning turiga wv:
integralning chegarasiga bog‘lig., ammo har gandayv harf bila:
belgilanisht mumkin bo’lgan integrallash o*zgaruvchisiga bog'ligem

& 3 &
Jrrdx = [ fydr = .= | f(2)dz.

r
2) If(x) dx aniq integral tushunchasini berishda a = / deb faraz

qgiidik. Agar & = a bo‘lsa, ta’rifga ko‘ra:
& a o s
If(x) dx = —jf(x)dx, va’ni Jx’dx = —Jx’dx-
- 5 6 o

3) agar a = £ bolsa, ta'riflarga ko“ra, har ganday funksiva uchun
tubandagi tenglik o‘rinli bo‘ladi:

jf(x)dx = 0



v = f(x) fzjnksiya [a; #] kesmada aniglangan va uzluksiz .bo‘lsin.

U holda If(x) dx mavjud va guyidagi xossalar o‘rinli.
I-xossa. O‘zgarmas ko‘paytuvchini aniq integral belgisi tashqga-
risiga chigarish mumkin, agar C = const bo‘lsa, u holda

& &
[Crix)dx = C[ fix)ax.

Isbot.

H I
[Sf(xryax= 1im > CrEHAx, =

max Ax, 075

=C _Jim > f(E)Ax, = Cff(x)dx

max Ax; -0

s-xossa. Bir necha funksivalar algebraik vig‘indisining aniq
Ii go'shiluvchilar aniq integrallanning algebraik yig‘indisiga teng:

.3 b b
“f.(x) + fo(x)]dx = If,(x)dx - J'fz(x)dx "

intcgrll

| s bot. Xossani ikkita go'shiluvchi boflgan hol uchun isbotlay-

miZ.

JIAG) + £()ldx = lim }:lf(e )+ fi(E)]ax, =

max Ax, =l

= lim-‘o[iﬁ(gc)Axl +if-2(€i)Axi]=

max Ax =1 i=1

= lim Zf(é' JAX, + lim Zﬁ(E;)AXa=

max Awy - max Ax; —055;

& b
= | fiCoydx + [ fr(x)dx.

Qo'shiluvchilar soni har gqancha bo‘lganda ham shunday isbot
gilinadi.
3-xossa (bu xossa a = b bo‘lgandagina bajariladi). Agar [a; 5]
(a < b) kesmada f(x) va ¢(x) funksiyalar f(x) = ¢(x) shartni
; 5 b

ganoatlantirsa, u holda jf(x)dxsjgo(x)dx o‘rinli.

I sbot. Tubandagi ayirmani garaymiz:

& b b
Jerdx — [ rxrax = [lp(x) — £ dx =

= lim S IeE) - £(E)IAX,,

max ax, =05

bunda: ¢@(&,)— f(&§,)=0, Ax, =0, demak, butun yig‘indi manfiy
emas va uning limiti ham manfiy emas, ya’'ni

& s b
[le(x) = f(x)]dx =0  yoki [e@(x)dx - | fxydx=0.



Xossa isbot gilindi.
4-xossa. Agar M va m sonlar f(x) funksivaning [a; b] kesma
dagi eng katta va eng Kichik giymatlari bo'lib, @ = b bo’lsa, u holc

b
m(b~a) < [ f(x)dx = M(b~ a) bo'ladi.

Ishot. Teoremaning shartiga ko‘ra: m < f(x) s M,

B a b |
J-xossaga ko‘ra: Imdxsjf(x)dxsj Mdx, bundajmdx,_

Ide ning qiymatiari mos ravishda j mdx = m(b-a) va Ide =

= M(b-a) ga teng.

Agar f(x) = 0 bo'lsa, u holda bu xossani geometrik usulda tasvir-
lasak, egri chizigli a4 Bb trapetsiyaning yuzi, aAd B b va aA,B.b to'g'ri
to‘rtburchaklar orasida yotadi (120-chizma).

S5-xo0ssa (o'rta qiymat haqida teorema). Agar f(x) funksiya |a; |
b] kesmada uzluksiz bo'lsa, u holda bu kesmada shunday bir ¢ nugta

b
topiladiki, bu nugta uchunjf(x)dx =(b-a)f(c) tenglik o'rinlidir.

Isbot. Aniglik uchun a < b bo‘lgan holni garaymiz. Agar m va
M Iar f(x) ning [a; b] kesmadagi eng kichik va eng katta qnymatlan

bo* Isa u holda oldingi xossaga ko‘ra ms I f(x)dx< M, bundan
b‘“ j f(x)dx = u, bundam s s M, f(x) uzluksnz funksiya bo'lgani

uchun m va M orasidagi hamma oraliq giymatlarni gabul giladi.

“I




pemak piror ¢ (@ = c = b) qgiymatda u = (<) bo‘tadi, ya’ni
yemah.

[ fexyedx = F(c)b — a).
1 o s s a. Agar quyidagi uchta integralning har biri mavjud bo‘lsa,
. har ganday uchta a, &, ¢ son uchun

§ Codx = £Godx +f Feodx

O-X
u hold:

tenglik o'rinhi bo‘ladi.

/-oh. Isbot etilgan teoremadan xususiy holda har gqanday uzluksiz
funksiya boshlang'ich funksiyaga ega, degan natija kelib chiqgadi.

Nyuton— Leybnits formulasi

7-teorema. Agar f(x) funksiya [a; b] kesmada uzluksiz va F(x)
zluksiz f(x) funksiyaning biror boshlang ‘ich Junksiyvasi bo'lsa, u holda

b
[ f(x)dx = F(b)— F(a)

formuda o ‘rinlidir. Bu formula Nyuton— Leybnits formulasi deyiladi.
Isbot. Ax) funksiva f(x) funksiy:ming biror boshlang‘ich

funksiyasi bo‘lsin, 1-teoremaga muvoﬁqj f(t)dr funksiya ham f(x)

funksivaning boshlang‘ich funksiyasi bo‘ladi. Ammo, berilgan
funksiyvaning har ganday 2ta boshlang‘ich funksiyasi bir-biridan
o‘zgarmas C* go‘shiluvchi bilan farq qiladi:

b
_[f(r)dt = F(x)+C*.

O‘zgarmas C* ni aniglash uchun x = g deb olamiz.

'j'}"(t)dr=F(a)+C', 0=F(a)+C; C'=~F(a), demak, [ f(r)dt =

= F(x) - F(a); x = b deb olsak, Nyvuton—Leybnits formulasi hosil
bo‘ladi:

& b
Jf(f) dr = F(b) - F(a); t ni x bilan almashtirsak, If(x)dx =
= F(b) - F(a):

b
[£(rdx = Feo| = F(by - Fla.

Integral ostidagi funksiyaning boshlang‘ich funksiyasi ma’lum
bo‘lsa, u holda Nyuton— Leybnits formulasi anig integralni hisoblash
uchun juda qulaydir.



Aniq integralni hisoblashda ham, anigmas integralni
hisoblashdagidek, o'rniga qo'vish usuli yoki o‘zgaruvchini almashti-
rish usulidan keng foydalanilad:.

Teorema. f(x) funksiya [a; b] kesmada berilgan va uzluksiz
b

bolsin. [ f(x)dx integralni hisoblash talab gilinsin. x = p(t)

i
0 ‘Zgaruvchini kiritamiz. o(1) funksiya quyidagi shartlarni ganoatlantirsin:

1) (1) funksiya [, B] kesmada aniglangan va uzluksiz;

2) p(a) = a; p(f) = b;
3) w(t) funksiya [a; B] kesmada uzluksiz ¢'(t) hosilaga ega. U
holda

b B
| fO0dx = [ £ o0 (0)dt (1)

i

bo ‘ladi.
Isbot. Agar Fx) funksiya f(x) funksiyaning boshlang'ich
funksiyasi bo‘lsa, quyidagi tenghkni yozish mumkin:

| f(x)dx = F(x) +C., .l
[ Flee'dr = Flpn)] +C . (3)

Keyingi tenglikning to‘g'riligi uning ikki tomonini ¢ bo'yicha
differensiallash bilan tekshiriladi. Nyuton—Leybnits formulasiga ko‘ra:

b
If(x)dx = F(X)Iz = F(b) - F(a).

Bunga asosan:
‘
¥

(3) = [ fp(O}p(0)dr = F[¢(:)]£ -

i

= Fp(B)] - F [p(a)] = F(b) - F(a)



ekani kelib chigadi. Keyingi ifodalarning o'ng tomonlari teng bolgani
uchun chap tomonlari ham teng. Aniq integralni birinchi formula
pilan hisoblagandan keyin eski o‘zgaruvchiga o‘tish zaruriyati yo*q.

Misol I\/rz — x*dx integralni hisoblang.
it
Yy echish O'zgaruvchini almashtiramiz: x = rsin 7, dx = rcoszdr,

integrallashning yangi chegaralarini topamiz: x = 0 bo'lganda, 7 = 0;
v = r bo‘lganda, 7 = ; Demak,

v

[Vr? —x?dx = js/r’ — r® sin’® tr cos tdr =
[0 ¢

< > Ix >
cos 2t)dt o | L SR aEr
- Rt | ST

(3

Avtavlik, # = u(x) va » = v(x) funksiyalar [a; b] kesmada
aniglangan, uzluksiz #'(x) va »'(x) hosilalarga ega bo‘lsin. U

holda [#(x)(x)] = &' (x)v(x) + u(x)v'(x) bo‘ladi.
Bu verda: w(x)v(x) funksiva u'(x)v(x) + u(x)’(x) funksivaning

boshlang‘ich’ funksiyasi. Nyuton—Leybnits formulasiga asosan, bu
ayniyatning ikkala tomonini @ dan & gacha chegaralarda

” » »
integrallaymiz: I(uv)'dx =Iu’vdx + juv'dx, bunda_[(uv)'dx = uv+C
db L 2 @
bo'lgani sababli, f(uv)'dx = uvl o‘rinli.

s b - I, 5
Demak, uvga — .afvdu + !udv voki {udv = uvla - !vdu.

Oxirgi tenglik aniq integralni bo Yakiab integrallash formulasi
deviladi.

i
Misol. J'xe""dx integralni hisoblang.
o

Yechish. Belgilashlar Kiritamiz: u = x; dv = e*dx, u hol
du = dx; v = —¢'. Bo'laklab integrallash formulasiga ko‘ra:

’ ]

; f : ] | >
Jxe *dx = —xe 'l +Ie ‘dx:-e"-e'x! =De¢™' +1 =f*2...
! 15l 0 €



Mavzu: Xosmas integrallar. Chegaralari cheksiz xosmas integrallar.

Aniq integralga ta‘rif berishda integrallash oralig®i /a, 6/ chekli va
integral ostidagi funksiya shu oraligda chegaralangan deb faraz
gilgan edik. Ana shu shartlardan agalli birortasi bajarilmasa aniq
integralning  keltirilgan  ta'nnh ma‘nosini yo'qotadi.  Chunki
integraliosh oralig'i cheksiz bo‘lganda uni uzunliklari chekli bolgan
n tu gismga ajratib bo‘lmaydi, integral ostidagi funksiya
chegaralanmaganda integral yighindi chekli limitga ega bo'lmaydi,
Ammo aniq integral tushunchasini bu hollar uchun ham
umumlashtirish mumkin. Umumlashtirish natijasida xosmas
integrallar tushunchasiga kelamiz. Xosmas integrallar ikki turga-
chegaralari cheksie xosmas integrallar hamda chegaralanmagan
Hmksyaning xosmas integraliga bo®linadi,

I-ta‘rif. fix) funksiva fa,oo) intervalda aniglangan bo‘lib, u istal-
A
puan chekli fa R] (R>a) kesmada integrallanuvchi, ya*ni j-f{'_x}afr
aniy integral mavjud bo‘lsin. U holda

Jlim [ f(x)dx (39.1)

chekli limit mavijud botisa, u birinchi tor voki chegaralari cheksiz
xosmas integral deb ataladi, va

j F(x)dx  (39.2)
kubhi belgilanadi.
Shunday gilib, ta‘rifga ko‘ra

Xosmas integrallar

+00 ¢
[ reax= m ro = i, [ r0ax

1. Xosmas integralni hisoblang.

+ oo b
b b
e *dx = lim | e *dx = lim (e™* =— lim (e™* =
j b—>+0o0 b—>+oo( ) 0 b—>+oo( ) 0
0 0
1
=—lim e+ lime®°=—= lim —+1=0+1=1.

b—+ b—+o0 b—+o0 eb



2. Xosmas integralni hisoblang.

+00 0 +00 0 b
fdx_jdx+jdx_l_jdx f
14+x2 ) 1+x2 T+x2 asibk) 1 b—>+
—00 —00 0 a 0
0 b _
= lim arctg + bllrp arctgx ‘ 0= hm (arctg — arctga) +
a—>—00 —>+ 00
+ 11111 (arctgb —arctg0) = — lim arctga + llrp arctgb =
b—+0oo a—>—00 b—+co
= —arctg(—x) + arctg(+x) = —(E) +E—E+E— T
- g AT ==\ T2 T2 2T
3. Xosmas integralni hisoblang.
+00
j dx
x%+ 4
0

Xosmas integralning yaqinlashuvchiligini ko‘rsating va qiymatini toping.
Yechish: f(x) = x21+4 funksiya har bir chekli [0,4] (A > 0) oraligda

integrallanuvchi.
+o0o

dx-] 1 4 1 0_1. 1 A\ 1rm =«
| = dim (Gareta —arctaz) = im (Faretg3) =35 =7

0
Demak, berilgan xosmas integral yaginlashuvchi va % giymatga ega.

4. Xosmas integralni hisoblang.
+00

J‘ dx
x2+4x+9

Xosmas integralning yaqinlashuvchiligini ko‘rsating va qiymatini toping.
Yechish: Xosmas integralning ta’rifiga ko‘ra,

'j—' dx . ]" dx r dx

e i =
S x +4x+9 J x +4x+9 Tx +4x+9

r
Fiky + Tim _[ dx

=:Jim _[— — =
£yt X 44T At dx 4D

2/ 4 i s+
im arc r—{ -
A "71_"1'{-; e V3

= lim [Lmt‘rri
B ETE S

1 |

arctg — lm arctg —— 111':1 arctg - —arctg —
I 75~ i arcte o e lim arcig L2~ Laretg -
_ | 1 1_ T

f J N5 2 45

: . s . dx T
Demak, berilgan xosmas integral yaginlashuvchi va =

= +4x+9 5




5. Xosmas integralni hisoblang.
+ 00

j cos4x dx

0
Xosmas integralning yaqinlashuvchiligini ko‘rsating.

Yechish: Xosmas integralning ta’rifiga ko‘ra,

A—bbm A BN

0 i

a2 A A
_[ cosdxdy = lim | cosdxdxy = lim {isin 4x ] = lim lE.in 44,

Bu limit mavjud bo‘lmagani uchun berilgan xosmas integral uzoglashuvchi
bo‘ladi.

6-misol. I:{DE‘_ET.:& integralni yaginlashuvchilikka tekshiring.
1 WX+

Yechish. [1, +=] da quyidagi tengsizlik o’rinli

cos” 3x |
0= <—,
J'Il_rj-q-]_ 3 IF
Vi
iy il
I_‘E_ x| __3]_3
if s 5 B 2l a7
IWE ——1] 3
3, x|

u holda 1-teoremaga asosan, berilgan integral yaginlashuvchi bo’ladi.

7-misol. Iﬂdx xosmas integralning absolyut yaqinlashuvchiligini
| X

1sbotlang.

Yechish. Ushbu ]“E‘:ﬁ integralni qaraymiz. Ravshanki,
i X

5-1-;* Vxe[l, +«) va Hn&:(—i)l =1 ekanligidan, 1-taqqoslash

X | X X

COs5 X

———

¥

teoremasiga ko'ra, I‘E{dx integral yaqinlashuvchi bo’ladi. Demak, berilgan
I r

integral absolyut yaqinlashuvchi ekan.



8. Xosmas integralni hisoblang.
+00

J (x21—1+(x-f1)2)dx

2

Yechish. f(x)z,Ll va glo)= 21), funksiyalar uchun quyidagi funksiyalar
X' - x+1)

boshlang’ich funksiya bo’ladi.

I'(r).-ln—l va ((X)—-(‘H )

Nyuton-Leybnis fonnulaslga ko'ra lopamlz.

®ode  Hex-0™ i ¥ |

= =ohi] =-ch-=-h3,
'_!x'—l Sl ~ 208 B
’j' de 2| 2
(x4 x+l], 3

Demak, 1-xossaga asosan, berilgan integral 2 + % In3 ga teng bo‘ladi.
|
Ll d L) L L] Ll o
9-misol. I—E aeR integralni yaqinlashishga tekshiring.
-

Yechish. & <1 bo’lsin, u holda

| |
ede . opde x| 1= |—, aeap a<| 6yca,
I—:hmj—:hm = lm =1-a

UIH 1:"‘“,.1"" ._.’—HUI—.&': fail =gy

+o0,  azap a>1 Gynca.
Endi @ =1 bo'lsin, u holda

I
Idr_ ]jmjd-r_ ]ixnh]|:f§l__:F_hmuh1é::+ml

! .I —=ll I ._.—H'H'

Ravshanki, I£ integral @ <1 bo’lsa yaqinlashuvehi va a1 bo’lsa uzoglashuvchi

HI

bo’ladi.

2

10-misol, -2~ xosmas integralning uzoglashuvchi ekanligini ko'rsating,

EIhI

Yechish. (& —hrnj % g (lnr])l im (In(ln2)-In(In &)= +<0.

I].H.T Epl 4] _]_']nx —rI il —rl—f.l

o

Demak, berilgan integral uzoglashuvchi ekan.



11. Xosmas integralni hisoblang.
+00

J arcctgx

dx
%2

1
Yechish: Berilgan xosmas integralga bo‘laklab integrallash formulasini
1

‘ _ _ i . _ dx
qo‘llasak, u = arcctgx,dv = - dx deyilsa, u holda du = V=3
bo‘lib, quyidagiga ega bo‘lamiz:

Iarccztgx P j(-l)[-L dr)z

X Y|

.

¢ dx 1 ] l )
=%-J; : =%-I LN TR ln.\'-—ln(x‘+|) =

Quyidagi xosmas integrallarni hisoblang yoki uzoglashuvchi ekanligini
ko’rsating:

i 2 MR
5% -|2J-1t
) e [ 2
X +x-1 1vd+
+a I
5. |e™ coshxdx, (a>0); 6. |xe'dx;
] -
+ 0
7. e dx: 8 {Hdr;
g x+1
u T
9, [ 4 o
2 x+1 2 =5x+7
. [ 12, [,
* XInx v X +3x=10
+x x = ‘ix
13, fx-2%dx; 14, | —;
'[I i '[x'—l



=l
o

Farctgx

15.

1

+=

17

0

+=

- 1+ x

dx |

-

=

'JH'F;!

19. (sin2xdx:

>
i '-Lsmidx;
1 Gl

23. _[ e sin by,
il

16.

18. .x-msnix;

S

20.

22,




Mavzu: Xosmas integrallar.

Aniq integralga ta‘rif berishda integrallash oralig*i fa, 6] chekli va
integral ostidagi funksiya shu oraligda chegaralangan deb faraz
gilgan edik. Ana shu shartlardan aqalli birortasi bajarilmasa aniq
integralning  keltirilgan  ta'rifi ma‘nosini yo®gotadi. Chunki
integraliosh oralig's cheksiz bo‘lganda uni uzunliklari chekli bo*lgan
n  ta yismga ajratib  bo‘lmaydi, integral ostidagi funksiya
chegaralanmaganda integral yig'indi chekli limitga ega bo‘lmaydi.
Ammo aniq integral tushunchasini bu hollar uchun ham
umumlashtirish  mumkin.  Umumlashtirish natijasida xosmas
imtegrallar tushunchasiga kelamiz. Xosmas integrallar ikki turga-
chegaralari cheksiv xosmas  integrallar hamda chegaralanmagan
Funksyaning xosmas integraliga bo*linadi,

1-ta‘rif. fix) funksiya fa,oc) intervalda aniglangan bo‘lib, u istal-
pen chekli fa R] (R>a) kesmada integrallanuvchi, ya*ni jif{'.x}ﬁfr
aniy integral mavjud bo*lsin. U holda )
Rlil’[_nmjif[xjc& (39.1)
chekli limit mavjud bo‘lsa, u h;rinchi tur voki chegaralari cheksiz
xosmas integral deb ataladi, va
Jrea @92

kubi helgilanadi.
Shunday qilib, ta‘rifga ko‘ra

[ £ = lim [ fxras.

Bu holda (39.2.) xosmas integral mavjud voki vaginlashadi
deyiladi. Agar (39.1) limit maviud bo‘lmasa. u holda (39.2) xosmas
integral mavjud emas voki uzoglashadi deyiladi.

(-n,bf intervalda chegaralangan fix) funksiyaning xosmas
integrali ham (39.2) kahi aniqlanadi'

j‘ fix)dx = lim J’ £(x)dx . (39.3)

Bunda fix) ﬁmk‘il}a istalgan ,.I’Fbj (R<h) Kesmada integral-
lanuvchi.



Shuningdek,
[ Frae = [ Fadde + [ Fxdx (39.4)

tenglik wordamida Jfix) funksivaning (-oc, +oc) bo'‘vicha xosmas
integrali aniglanadi. Bunda ¢ ixtivoriy o“zgarmas son. (39.4} tenglik-
ning o‘ng wmonidagi bar ikkala xosmas integrallar yaginlashgada
uning chap tomonidagi xosmas interal ham vaqinlashadi.

Endi birinchi tur xosmas integralni hisoblashga misollar kelti-
FAMIZ.

El

i

1- misol. T

: Fr i T
= lim = lim arct | = lim arctgR = —,
) 15 25 oy X SEL

o a R —pon
va‘mi berilgan xosmas integral vaginlashadi.
Z- misol

e "
sin xdx = Iimj&inxdﬁx: lim{—cosx)| = lim{(—cos K +1)=
R—p H—aan ,., M

[T

I — lim cos R,
L T

ammo cosf funksiva R—+toc da limitga ega bo*lmaganligi uchun
integral uzoqglashadi.

3-misol. I-‘i:—, a -biror son.
Shu birinchi tur xosmas integralni a ning ganday giymatlarida

vaqginiashishi va ganday giymatlarida uzoglashishini aniglaymiz.
a) a #1 bo*lsin, u holda istalgan R>0 uchun

e £ R ~ b R
Idx = lim i‘f—= Jim | x %de= 1lim ————~| =
x* e R—>4x 9 R->+0 — ¥ + 1
e l*‘w ,agara > 1,bo' Isa,
- Rl_un —_— a -1
-+ l — O “.*_ w’agara < bo. lsa.
b) a=1 bo‘lsin, u holda istalgan R>=0 son uchun
dx ® 5
J’—-— Iim f—— lim lnx.- Iim In R = 4o0.
R-;ma x R—p o0 R p4m

Shunday qnhb, bcnlgan integral a>/ bo‘lganda yaqinlashadi, a </
bo*lganda esa uzogqglashadi.

2-ta‘rif. fix)} funksiva fa b) oraligda aniglangan bo'lsin. Agar fix)

funksiva x=f nugtaning biror atrofida chegaralanmagan bo'lib, u

Je.b) pa tegishli har ganday fa.b- £] kesmada chegaralangan bo®lsa

x b nugta fix) ning maxsus nuqtasi deyiladi. x=b nugqta Ax)ning

maxsus nugtasi bo*lib ffx) funksiya istalgan fa b-g} (& =0.b- £ >a)
f—r

kesmada integrallashuvchi, yva'ni J f(x)dx aniq integral mavjud

bo‘lsin. U holda

[

lim [ f(x)ax (39.5)

chekli limit mavjud bo‘lsa, uni ikkinchi tur yoki chegaralanmagan
funksivaning xos integrali deb ataladi va



[ £y (39:6)

a

ko‘rinishda belgilanadi. Bu holde (39.6) integral mavjud yoki
yaqinlashadi deb ayvtiladi. (39.5) limit mavjud bo‘imasa, u holda
(39.6) integral mavjud emas yoki uzoglashadi deb aytiladi.
Shuningdek x=a nugta f{x) funksivaning maxsus nugtasi (a
nugtaning vaqin atrofida f{x) chegaralanmagan va istalgan [a+e b/

(e>0,a+e<b) kesmada chegaralangan) bo‘lganda xosmas integral
b b

[ f@)de=lim [ fx)ae

kabi aniglanadi.
Agar f(x) funksiya [a,h] kesmaning biror ichki ¢ nuqtasining

qandaydir atrofida chegaralanmaganda xosmas integral
h

[ Fde= | f(de+ [ Fce

tenglik yordamida aniglanadi. Bu tenglikning o‘ng tomonidagi har
ikkala integral yaqinlashganda uning chap tomonidagi xosmas
integral ham yaqinlashadi.

Shuningdek, @ va b nuqtalar fx) funksiyaning maxsus nugqtalari
bo‘lganda xosmas integral

I S (x)dx = f S(x)dx + I f(x)dx (39.7)

tenglik yordamida aniglanadi, bunda ¢ (a,h) intervaiining ixtiyorly
nuqtasi.
Izoh. Uzluksiz funksiyaning ikkinchi tur uzilish nuqtasi uning

maxsus nugtasi bo‘ladi.
b

4- misol. j'( -
‘(x-a

integral tekshirilsin, bunda a>0 - biror son.



Yechish. Integral ostidagi el funksiya uchun x=a maxsus

x—a)”

nugta bo*‘ladi.

a) a #1 bo‘lsm, u holda
&  ~ x4} &
| T . A j(x P Gy T ) S 7
oA (x —a)”* Boyesh (x..-a) :—noa“ &0 e +1 Fo

-

Q:_q*_.) ,agara <1 bo'lsa.
= |l —ex

+ c,agara > | bo' Isa.

b} a=1 bo‘lsin, u holda

t odx s
I—— Iim —— = lim in!x a | = lim [In(b —ay—in £]= 4o,
ax..- c—o’o x-—a = »40 ‘are e—>40"

Shunday qthb benigan integral O0<a<7 bo‘lganda yaqinlashadi.
a=] bolganda esa uzoqlashadi.

Shuningdek j(b dx_ integral ham 0O=a</ bo‘lganda yaqin-
x
lashadi, a=/ bo Iganda esa uzoqglashadi.

S- misol. I"J‘:;:';r integl’al tekshirilsin.
x —_

Yechish. [ntegral ostidagi T,_"":; funksiya /(2,57 kesmaning
X =
ichidagi x-3 nuqtada ikkinchi tur uzilishga ega. ya‘oi bu nuqta
funksyaining maxsus nuqgtasi.
Ta‘rifga binoan:

- de dx
o dim, |-
(x=3) 7 n(x--3)

o Lun m | == hm[{[r, -l]+~— hm [ﬁ Q/&T]=--— —;-%/Z-%(:{Z—n)-
Demak berllgan mtegral yaqmlashadx.
1
6-misol. I d.’x____ tekshirilsin.
o Vx(@ —x)

Yechish. Integral ostidagi (ll 5 funksiva uchun =0, b=17
x —

nuqtalar maxsus nuqtalar bo‘ladi. Xosmas itntegralning ta‘rifidan
foydalanib topamiz:

j —_ I i R s 4 T T b
2 x(l— %) x(l—x) f(l-x) , R x( caes0 § Jx(1— %)
2

R
O e Mt B 0 e

x — O .
+ lim arcsin —

£ 520

[~

! = ‘!‘i_rnno[arcsin ¢ — arcsin( 2¢, — D]
2

N'-'L)
i



- lﬁ[arcsin( 2g, — 1) — arcsin 0]= arcsin 1 + arcsin | = 2"—;—;— x.

Demak integral yaqinlashuvchi va
1

J_dx_ i
a3 ,fx(l - X)

|
7- misol. jff integral hisoblansin.
X
-1

Yechish. Birinchi garashda berilgan integral juda oson hisob-
lanadi, ya'ni

Ammo olingan natija noto*g'ri. Bu noto'g'ri natijaga e'tibor-
sizligimiz ogibatida, ya'ni integral ostidagi L_ﬁ funksiva f-1.1]
X

kesmada x=(0) maxsus nuqtaga ega ekanligini hisobga olmagan-
ligimiz sababli keldik. Biz berilgan integralni oddiy anig integral deb
emas, balki xosmas integral deb garashimiz lozim. Um ta‘rifdan
fovdalanib hisoblaymiz:
| K] 1 £ |
dr cdx pdx . dx .. dx
_[M2 =J‘I2 +jri = lim _f—-:- lim [=5.  (39.8)

.t;—.n--l-l!:l_lx:i E-,—rHJE Il

2

Limitlardan hirini hisoblaymiz:

lim | —= hfnw[—— | = lim [ l___L]mm_
[ el gl £ _;

(39.8) lttngllkmng o'ng tomonidagi xosmas integrallardan bin
uzoglashganligi uchun ta*rifga binoan uning chap tomonidagi
xosmas integral ham uzoglashadi.

39.4. Xosinas integrallarning yaqinlashish alomatlari

Ko'p hollarda xosmas integralning giymatini topish talab etil-
masdan uning vaginlashuvchi yoki uzoglashuvehi ekanini bilishning
o'zl kifoya giladi. Bunday hollarda tagqoslash teoremalari deb
ataluvchi quyidagi teoremalardan foydalanish mumkin.

39.1-teorema. Agar fix) va ¢ (xj funksiyalar fa . =} oraligda
uzluksiz bo*lib, 0<fix) < @ (x) shartni ganoatlantirsa. u holda



Ko'p hollarda xosmas integralning givmatini topish talab etil-
masdan uning vaginlashuvehi yvoki uzoglashuvehi ekanini bilishning
o'zl kifoya giladi. Bunday hollarda taqqoslash teoremalari deb
atzluvchi quyidagi teoremalardan foydalanish mumkin.

39.1-teorema. Agar fix) va @ (xj funksiyalar [a, - =0} oraligda
uzluksiz bo‘lib, 0<f{x) < ¢ (x) shartni ganoatlantirsa. u holda

a) _f;a:-[x}.:ir xosmas integral yaginlashsa, _[ Fx)dx integral ham
yaginlashadi.
b) _[ Fx)dx integria uzoglashganda j @(x)dx integral ham uzog-

Iashadl

Bu teorema fagatgina nomanfiy funksivalarga tegishli bo‘lib
undan ishorasini saglamaydigan funksiyalarming xosmas integral-
larini tekshirishda foydalanib bo‘lmaydi. Bunday holda quyidagi
teoremadan foydalanish mumkin.

39.2-teorema. _ﬂ fix)|dx integral yaginlashsa, j f(x)dx integ-

ral ham yaginlashadi.
Bunda oxirgi integral absolyut vaqinlashuvchi deyiladi.

J" f(x)dx yaginlashuvchi [|f(x)jdr integral uzoglashuvchi bosl-

ganda j' f(x)dx integral shartli yaginlashuvchi deyiladi.

[ g

8-misol. [ tekshirilsin
- x(1+¢%)
Yechish. Integral ostidagi —; ! funksiyvani -1—3 funksiya
x(l+e™) X
bilan tagqoslaymiz. Barcha x>/ uchun 2 I < LB bolib,
x (1+e") x

‘{ % yvaqinlashganligi (3- misolga garang) uchun 39.1. teoremaning
|
a) bandiga binoan berilgan integral ham yaginlashadi.



40

. X e
9- misol. | —— tekshinlsin.
, 14+ x

Yechish, Integral ostidagi —E— funksiyani : funksiya bilan
l+x m

taqqoslab barcha x>/ uchun
| _Jx_Wx _Wx

2\/; W x+x 1+x

l F dx
a ega bo‘lamiz. @ =~ <1 bo‘lgani uchun integral uzog-
ga eg 2 g !72 - integral uz0g

lashadi (3-misolga garang).
39.1. teoremaning ) gismiga ko‘ra berilgan integral ham nzogq-
lashadi.

10-misol. r'-rzdx integral tekshirilsin.

Yechish. Integral ostidagi “T’ funksiya [1,+ o) da ishorasini
X

ot .
saglamaydi. Shuning uchun ”s;#{dx integralni qaraymiz. [1,+ o0) da
1

o sinx| _|sina] »n

21 2 T

bajarilib .[if' (3-misolga garang) yaginlashganligi uchun 39.1-
X
l

teoremaning a) bandiga ko‘ra I 'ﬂn;{!dx yaginlashadi.
o

39.2-teoremaga ko‘ra berilgan integral ham yagqinlashadi. U
absolyut yaginlashadi.
{1-misol. [ 2

s X



Dirixle integralining shartli yaqinlashuvchiligi ko' rsatilsin.

Yechish. Integralmi ikkita integrallarning yig'indisi ko‘rinishda
tasvirlaymiz:

Sin X

11]1:'}— =1 bo‘lgani uchun birinchi integral xos ma'noda ya'ni u
-0y

aniq integral sifatida mavjud, chunki ﬂ funksiya (0 ;%] oraliqda

x
uzluksiz bo‘lib x=0 nugta uning yo'qotilishi mumkin bo‘lgan uzilish
nugqtasi.

Ikkinchi integralni bo‘laklab integrallaymiz:
I l
=y, du = ——dx
Jm“ lim jsmx[ " i, du 3 iz

x

. -
A=ym* X :
Ll 5in xdx = dv, v = —C05.X]

E 2
|
. cosxl® '4:: 5 X  cosd peosx = o8 x
= lim | - --j'--—m: -~ lim — -j d - I—d‘:
Asw|  x |F 2 dsw A v -
#i <8 x % i
2 2 2

Ixtivorty x uchun

Eiil bajarilib jﬁ: (p=2>1)
x| x e ¥
2

integral vaqginlashganligi sababli 39.1- tﬂurﬂmamng a) bandiga ko'ra

I@cﬁr integral ham yaqinlashadi, demak —tif absolyut

| 5

sl

yaginlashadi.



Demak IE{# xosmas integral ham absolyut vaginlashadi.

F 5

Bu integral uchun ywuritilgan mulohazalarni takrorlab j%

X
integralni ham yuqiniashishinj ko*rsatish mumkin.

Shunday gilib ;de aniq integral bilan yaginlashuvchi

I?—n—xcﬁc xosmas integralning yvig*indisidan iborat j% integral
J x

=
ham vaqinlashadi.

51Ny
ki j—ldx integralning wroglashuvchiligini ko*rsatamiz.

Barcha x = % uchun

]sin x| = sin® x = 1—cos2x

x x 2x
bajarilib
jl__ﬂﬂsﬂdr:lhmjﬁ._l COSX dx=— liminx| _— OS2X reo
- 2x 2avmd g Qe x 2 A 5 AR X
z F 2 2
g >
S R o | R e
2 A 23 2 2
2

xosmas integral uzoglashganligi uchun 39.1-teoremaning b) bandiga

sinxi
x

ko‘ra dx xosmas integral ham uzoglashadi, bu yerda

BiH s

COS2x
2x

dx integralning yaqgilashuvchanligi hisobga olinadi.

ot

2
yig'indining birinchi integrali aniq integral bo‘lib ikkinchi integrali

N A S

= |
uzoglashuvchi xosmas integal bo‘lganligi sababli J"S x] dx integral
ham u?oqlashadl
Demak, _[

sSinx

dx xosmas integral shartli yaginlashuvchi.



12-misol. j' sin x° dx, !cOsza'x xXosmas integralning yaqinia-
0 0
shuvchiligi isbotlansin.

Yechish. Isin x*dx integralning yaqginlashuvchiligini ko*rsatamiz.
a

x:J—t‘,dxz—fdi; almashtirish olib berilgan integralni ikkita

24/t
integrallarning yig*indisi ko‘rinishda tasvirlaymiz:
7[
T IT in 1 Tsmt 1 Tqint
sinx“dx = — =— | —=dit + — | —=dl,
. 24 20 Wt 25 Ji
2

5"” 1mbmr Jt=1-0=0 bo‘lganligi sababli xuddi 11-

=}
I—H] -_.l' =)

misoldagi kabi birinchi integral aniq integral sifatida mavjud.
Ikkinchi integralni bo*laklab integrallaymiz:

;I—l._ =u, sinddt = dv
= S 1 ’ = a0 v al
s cost 1 sf | ¢coss
IT‘# =2 et =T#_EET‘#:"§I_F“?‘
x V¢ !ru=u 2 ydt = —5 ,v = —cost S s
2 Ia'i 2 2
Barcha ¢ EE uchun |cu;“ = L] bo'lib I— integral vaginlash-
r':.i r3 :rl
COS5
ganligi sababli _[ d" integral absolyut yaginlashadi.
= I 1

2

Shunday gilib Isinx:dr xosmas integral aniq integral bilan
m

vayginlashuvchi xosmas integralning vig‘indisidan iborat bo'lganligi
uvchun u yagintashadi.

Icns x’dx xosmas integraining yaqinlashuvchanligi ham shunga
L]
o*xshash isbotlanadi.

Jsin x*dx . fcusxzdr integrallar Freneli integrallari deb ataladi

va vorug‘likning difraksiyasi nazariyvasida uchraydi.
lkkinchi tur xosmas integral uchun ham 39.1 va 392 teoremaga

o‘xshash teoremalar mavijud.



39.1 -teorema. fx) va g{x) funksivalar (@ b] oraligda uzluksiz
bo‘lib x=a nuqta ularning ikkinchi tur uzilish nugtasi (maxsus
nuqtasi) bolsin. Agar fa b/ oraligning barcha nugtalarida

0<fix)< pfx)

tengsizlk bajarils, u holda: @) {g(xyde xosmas integral yaginlashsa
b
j- f{x)dx xosmas integral ham yaginlashadi.

[ b
b) [ f(x)dx xosmas integral uzoglashsa [p(x)ax Xosmas integral
ham uzoglashadi.
39.2°-teorema. a nugta (a,b/ oraliqda uzluksiz fix) ﬁ.mksjyanmg

maxsus nuqtasi bo‘lib _[U[ x)dr XOSMAS integral yaqinlashsa J' f(x)edx

xosmas integral ham vaginlashadi.

13-misol. J'm " xosmas integral tekshirilsin. I flx)dx Yaqin-
11'I+7||Ii

b
lashuvchi bo'lib j*. f(x)|dx uzoqlashsa f f(x)dx sharthi yaqinlashadi
)

deyiladi.
Yechich. Integral ostidagi - l funksiya (0,]] oraligda

1.1;; +3x°
uzluksiz bo'lib v x=0 nuqtada ikkinchi tur uzilishga ega. (0,1]
oraligdagi barcha x lar uchun
1

3\1'_ +3x! {J'_.t
tengsizlik bajarilib —[J,jfi xosmas integral yaginlashgani uchun (4-
TNX

misolga qarang) 39.1 -teoremaning a) bandiga binoan garalayotgan
xosmas integral ham yacinlashadi.
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~—-dx xosmas integral tekshirilsin.

L (x—1)
Yechish. integral ostidagi -2(”'1';:" funksiya (7.2] oraligda uzluk-
x —_—

siz. bo'lib u x /7 nuqtoda skkinchi tur uzilishga ega va uning surati x
ning istalgan qiymatida 2 t sinx=], chunki sinx=>-1.

_2+sm.x2 . . Biro
-1 T (x-1) ! (x—1)

lushidi, chunki @=2>7 (4-misol). Demak 39.1° teoremaning 5)
bandiga Ko'ra berilgan integral ham auzoglashadi.

Shuninge. uchun.

1
2 cos xdx : R
1S-misol. { - = xosmas integral tekshirilsin.
o

Jx

. COsX :
Yechish, Iniegral ostidagi ~—=— funksiya x=0 maxsus nugtaga
x

cpi. cosx funksiya fO.zx] kesmada ishorasini saglamaydi, ya'ni u

[0, ’_: ) da musbat, ( :2{ 7f da manfiy. Shuning uchun

3y

Intepradnt quraymiz. Barcha x lar uchun Icosxlsl ekanini
hisobpa olsak /O af oraligdagi barcha x lar uchun

icosx;’ 1
N ! 'S o
lvx ] «

ckanligi kelib chigadi.

I j{- xosmas integral yaqinlashganligi (4-misol) uchun 39.1'-
n VX

teoremaning a) bandiga binoan

xosmas integral ham yaginlashadi.
39.2 -teoremaga ko'ra berilgan xosmas integral ham yaginlashadi.
Demak u absolvut yaginlashadi.



